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The permeability of fractures, including natural and hydraulic, are essential parameters for the modeling 
of fluid flow in conventional and unconventional fractured reservoirs. Traditional analytical (Cubic Law-
based) models used to estimate fracture permeability show unstable performance when dealing with 
different complexities of fracture cases. This work presents a data-driven, physics included model based 
on machine learning as an alternative to traditional methods.

The workflow for the development of the data-driven model includes four steps. 
1. Identify uncertain parameters and perform Latin Hypercube Sampling (LHS). We first identify the

uncertain parameters that affect the fracture permeability. We then generate training samples using
LHS.

2. Perform training simulations and collect inputs and outputs. In this step, high-resolution simulations
with parallel computing for the Navier-Stokes (NS) equations are run for each of the training samples. 
We then collect the inputs and outputs from the simulations.

3. Construct an optimized data-driven surrogate model. A data-driven model based on machine learn-
ing is then built to model the nonlinear mapping between the inputs and outputs collected from Step
2. Herein, artificial neural network (ANN) coupling with the Bayesian optimization algorithm is
implemented to obtain the optimized surrogate model.

4. Validate the proposed data-driven model. In this step, we conduct blind validation on the proposed
model with high fidelity simulations.

We further test the developed surrogate model with newly generated fracture cases with a broad range
of roughness and tortuosity under different Reynolds numbers. We then compare its performance to the 
reference NS equation solutions. Results show that the developed data-driven model delivers a good 
accuracy, exceeding 90% for all training, validation, and test samples. This work introduces an integrat-
ed workflow for developing a data-driven, physics included model using machine learning to estimate 
fracture permeability under complex physics, e.g., inertial effect. 

To our knowledge, this technique is introduced for the first time for the upscaling of rock fractures. 
The proposed model offers an efficient and accurate alternative to the traditional upscaling methods that 
can be readily implemented in reservoir characterization and modeling workflows.
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Abstract  /

Introduction
Equivalent continuum and discrete fracture models are generally used for modeling fluid flow in fractured reser-
voirs at field-scale. The proper application of these models requires an accurate assessment of the permeability 
of rock fractures as input. The permeability of a rock fracture is a complex function of various static parameters, 
such as mean aperture, roughness, and contact areas, all of which are subjected to the dynamic stress acting on 
the fracture walls1. Herein, we investigate the relationship between fracture permeability and static parameters.

The full physics Navier-Stokes (NS) equations provide the most accurate approach for estimating the perme-
ability of rock fractures2. Its expensive computational cost makes it infeasible for real applications3. In addition, 
experimental measurements are even more time-consuming. 

Typically, discrete rock fractures have been idealized as two smooth, parallel plates with constant distance4. 
Based on this assumption, the NS equations lead to the well-known Cubic Law (CL). The CL has been widely 
used in various disciplines, including hydrology and petroleum, due to its simplicity and efficiency; however, the 
CL generally overshoots the hydraulic properties of rock fractures5, as rock fractures are formed by two rough 
surfaces with variable apertures. Subsequently, various CL-based models have been developed in the literature 
for improving the accuracy of classical CL. These models could be categorized into two kinds: (1) by modifying 
the definition of the aperture used in the CL, such as arithmetic mean5, geometric mean6, and harmonic mean7, 
and (2) by incorporating correction factors for fracture roughness6, 8-12, flow tortuosity5, and combined effect of 
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roughness and tortuosity3, 13. 
These models, however, show unstable performance 

when dealing with different complexities of fracture cases. 
In addition, all these models assume the laminar flow 
regimen and don’t include complex physics within rock 
fractures, i.e., ignoring the inertial effect. To our knowl-
edge, only one empirical model developed by Xiong et 
al. (2011)14 was found in the literature to account for the 
inertial effect. This empirical model is obtained by fitting 
with a limited amount of data, which makes its broad 
applicability questionable. All these traditional models 
discussed here exhibit different levels of limitations, which 
inspires us to develop a big data-driven, physics included 
model for estimating the permeability of rock fractures.

Recent advances in machine learning have revolution-
ized many industries. They show that provided with a 
high-quality data set, a well-designed network structure, 
and proper hyperparameters, this technology is com-
petitive to traditional models in terms of accuracy and 
efficiency. As a result, it inspires various geoscience and 
petroleum engineering applications. 

Examples include multicomponent flash calculation15, 
equivalent continuum model construction from discrete 
fracture characterization16, fracture network recognition 
from outcrops17, and well data history analysis18. These 
four applications correspond to four neural networks: 
artificial neural network (ANN), convolutional neural 
network, U-Net, and long short-term memory, which are 
designed for value-to-value, image-to-value, image-to-im-
age, and time series problems, respectively. 

This study strives to develop a data-driven, physics 
featuring model based on ANN for estimating fracture 
permeability, with consideration of static geometric prop-
erties, e.g., mean aperture, minimum aperture, rough-
ness, tortuosity, etc., and dynamic flow parameters, e.g., 
Reynolds number. Specifically, a value-to-value model is 
established to capture the nonlinear relationship between 
these static geometric and dynamic flow properties as 
input, and fracture permeability as output. In this study, 
high-resolution simulations for NS equations based on 
Latin Hypercube Sampling (LHS) are used to generate 
the data sets. 

Herein, ANN coupled with Bayesian optimization is 
implemented to obtain the optimized surrogate model 
with accuracy exceeding 90% for both training and vali-
dation sets. We further test the developed surrogate model 
with newly generated fracture cases with a broad range 
of roughness and tortuosity under different Reynolds 
numbers. We also test its performance with the reference 
solutions from NS equations.

This work introduces an integrated workflow for de-
veloping a data-driven, physics included model using 
machine learning to estimate fracture permeability under 
complex physics, e.g., inertial effect. To our knowledge, 
this technique is introduced for the first time. The pro-
posed model offers an efficient and accurate alternative 
to the traditional upscaling methods that can be readily 
implemented in reservoir characterization and modeling 
workflows.

Global Sensitivity Analysis 
We can conclude from the Literature Review that the 
permeability of rock fractures is a complex function of 
some static geometric properties, e.g., mean aperture, 
roughness, and tortuosity, and other dynamic flow prop-
erties, e.g., Reynolds number. These traditional models, 
however, ignore the effect of minimum aperture. As the 
minimum aperture mainly controls the fluid flow within 
rock fractures for 2D fracture cases, its influence on 
fracture permeability should be considered. 

In this section, global sensitivity analysis is implemented 
to explore the importance of these static and dynamic 
parameters on the model response — fracture permea-
bility. For the generality of describing 2D rock fractures, 
we summarized the following five parameters as the 
model input parameters, including four dimensionless 
parameters as follows:

1.	 Mean Aperture: 
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2.	 Relative Roughness: Defined as the ratio of mean to 
standard deviations of aperture field5:
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3.	 Tortuosity: Defined as the ratio of flow path distance 
to fracture straight-line distance19:
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4.	
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: Defined as the ratio of minimum to mean apertures:
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5.	 Reynolds number: Defined as the ratio of inertial 
forces to viscous forces20:
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where p is the fluid density, Q is the flow rate through 
rock fractures, µ is the fluid viscosity, w is the fracture 
width, and U is the characteristic velocity choosing as 
the averaged mean velocity. The w is set to be 1 m for 
2D fracture cases. 

We perform global sensitivity analysis based on Sobol 
or variance-based decomposition to determine the impact 
of these five parameters on fracture permeability (refer 
to Saltelli et al. (2010)21 for further mathematic formu-
lation). The ranges of these uncertain parameters are 
collected based on the open-source data set with 7,680 
2D fractures3 and the work of Zimmerman et al. (2004)20. 

UQLab22 is used to conduct the sensitivity analysis with 
1 million realizations, which is proven to be stable. We 
observe in Fig. 1 that relative roughness shows the most 
significant influence on the fracture permeability, followed 
by the ratio of minimum to mean apertures, mean aper-
ture, Reynolds number, and tortuosity. Meanwhile, we 
demonstrate the non-ignorable impact from the ratio of 
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minimum to mean apertures on the permeability of 2D 
rock fractures. All reviewed models from the literature, 
however, neglect its influence on fracture permeability, 
making their applicabilities questionable.  

Proposed Workflow
The objective of this section is to develop a data-driven, 
physics featuring model based on ANN for estimating 
fracture permeability, with consideration of static geomet-
ric properties, e.g., mean aperture, minimum aperture, 
roughness, tortuosity, etc., and dynamic flow parameters, 
e.g., Reynolds number. 

Figure 2 illustrates the proposed workflow. A detailed 
description is presented as follows.
STEP 1: Identify Uncertain Parameters and Perform LHS

We first identify the uncertainty parameters that affect 
the fracture permeability. As previously mentioned, the 
following five uncertain parameters show a non-ignorable 
influence on the fracture permeability. We summarized 
these five significant parameters (heavy hitters) and their 
corresponding ranges in Table 1. 

Herein, we assume uniform distributions and inde-
pendent relations for all these uncertain parameters. 
We then generate n realizations of samples, including 
training and validation, using LHS theory23 to guarantee 
the space filling manner. Figure 3 shows the LHS from 
uniform distribution (discrete design) with the different 
number of realizations.
STEP 2: Perform NS Simulations and Collect Inputs 
and Outputs from Simulations
In this step, high-fidelity simulations with parallel com-
puting for the NS equations are run for each of the gen-
erated samples. These NS equations are solved under the 
mixed finite element (FE) framework, which is known for 
approximating the velocity fields accurately24. A detailed 
explanation of the mixed FE implementation of the NS 
equations is provided in Appendix A. We then collect the 
inputs (five uncertain parameters) and outputs (fracture 
permeabilities) from the simulations. 

Figure 4 shows the normalized velocity field and stream-
line profiles obtained from the high-resolution NS simu-
lations. We observe in Fig. 4 that an eddy occurs around 
places with local large asperity of the sharp corner with 
a high Reynolds number regimen. These eddies exert a 
significant influence on fluid flow through rock fractures 
by shrinking the effective flow channel. 

The specific procedure of calculating fracture per-
meability based on NS solutions is detailed as follows.

•	 Flow rate calculation: Integrating the velocity across 

Fig. 1  The first-order sensitivity analysis indices using UQLab.

Fig. 2  The workflow for the development of the data-driven, physics featuring model.
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the fracture outlet leads to flow rate (denoted as QNS).

 

 

 
  

Saudi Aramco: Company General Use 

a  
 

a

a
Relative Roughness


=                    (1)        

 
 

flow path

straight line

d
d

 −

−

=                    (2) 

 
 
  
 

mina
a

 =                           (3) 

 
 

U aQRe
w


 

= =                      (4) 

 
 

( )
0 0

w a

NS outletQ u n dwda=                       (5) 

 
 

outletu  
 
n  
 
 

1/312 NS
h

Qa
w P

 =   
                    (6) 

 
 

( )
2/32

1/312
12

h NS
f

a QK
w P

 = =   
              (7)    

 
P  

 
predict
fK  

 

	 5

where w and a are the fracture width and aperture, re-
spectively; 
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 is the velocity at the outlet; and 
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 is the 
unit vector normal to the outlet. The w is set to be 1 m 
for 2D fracture cases. 

•	 Fracture permeability calculation: Combined Darcy’s 
law with CL, fracture permeability (denoted as Kf) 

is computed as:
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where ah is the effective hydraulic aperture, and 
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 is 
the pressure gradient across the flow direction.

Uncertain Parameters Lower Bound Upper Bound Distribution

Mean aperture (mm) 1.11 1.29 Uniform

Relative roughness (-) 2.23 6.96 Uniform

Tortuosity (-) 1.01 1.34 Uniform

Ratio of minimum to mean apertures (-) 0.08 0.67 Uniform

Reynolds number (-) 0.1
(Laminar flow)

100
(Nonlinear flow) Uniform

Table 1  Uncertain parameters used in this study and their corresponding ranges.

Fig. 3  The LHS with different numbers of realizations: (a) 50, (b) 100, (c) 300, and (d) 500. For illustration purposes, we take relative roughness vs. 
tortuosity as an example. As observed, the space filling trend has become more obvious with the increase of realizations.
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STEP 3: Construct Optimized Data-Driven Surrogate 
Model
This step strives to establish an optimized data-driven 
surrogate to map the nonlinear relationship between the 
inputs and outputs collected from step 2. We automate 
the process of tuning the hyperparameters for ANN 
using the Bayesian optimization algorithm instead of 
the manual trial-and-error tuning process. Bayesian 
optimization attempts to find the global optimum in a 
minimum number of steps. A detailed description of 
Bayesian optimization could be found in Brochu et al. 
(2010)25. 

Figure 5 illustrates the structure implemented in this 
work, including input layers, hidden layers, and output 
layers. A detailed introduction of ANN could be found 
in Goodfellow et al. (2016)26.
STEP 4: Validate the Developed Surrogate Model

We conduct blind validation on the optimized data-driven 
surrogate model. We should pay attention to its perfor-
mance on the validation samples, as the overfitting cases 
often occur with good predictions for training samples, 
yet poor predictions for validation samples. In this study, 
the optimization process is conducted until the accuracy 
exceeding 90% for both training and validation samples 
is reached. 

The following parameters are used to assess the per-
formance of the developed ANN model.

1.	 APE: The average of prediction errors, PE, between 
the predicted (denoted by 
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2.	 PPE: The percentage of PE within an acceptable error 
margin — 10% is the threshold in this study.

	 10

We further test the developed surrogate model with 
500 newly generated fracture cases with a broad range 
of roughness and tortuosity under different Reynolds 
numbers. In this study, inputs and outputs collected 
from the 500 simulations (corresponding to Fig. 3d) 
are fed to the ANN model for the coupling training 
validation process. 

We summarized the optimum ANN architecture, opti-
mum hyperparameters, and the related model evaluation 

Fig. 4  The high-resolution NS solutions with normalized 
velocity field and streamline profiles under high 
Reynolds number with non-ignorable inertial effect.
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performance in Table 2.

Results and Discussions
As shown in Table 2, the Bayesian optimized ANN 
structure exhibits the three hidden layer layout with 5, 
6, and 4 neurons in each layer, respectively. We should 
pay attention to the overfitting issue during the coupling 
training validation test process. As a result, we should 
evaluate the overall model performance not only on train-
ing samples. The developed data-driven surrogate model 
reaches an accuracy exceeding 90% for all training, val-
idation, and test samples with the corresponding values 
of 96.3%, 97%, and 94.2%, respectively. 

Figure 6 shows the effect of epochs on the training 
accuracy and predictability (validation and test) of the 
model. We observed that the training accuracy increases, 
i.e., error decreases, as the number of epochs increases. 
The model predictability in terms of validation and test 
processes shows an optimum at Epoch 6, before which 
it’s underfitting and after overfitting. 

Figure 7 shows the diagonal plots between the ground 
truth, i.e., the reference NS, and the predicted solutions 
regarding fracture permeability for training (400), valida-
tion (100), test (500), and all 1,000 samples, respectively. 
The predicted values fall into the black diagonal lines, 
indicating an exact match with the reference NS solutions, 
while the off-diagonal values exhibit deviations. The 
off-diagonal points are equally distributed on each side 
of the diagonal lines, indicating stable performance even 
with complex fracture cases. The developed surrogate 
model performs well with the APE of 3.1%, 3.5%, 3.9%, 
and 3.6%, respectively. 

Figure 8 shows the distributions of errors between the 
ground truth and predicted values, indicating that the 
error sizes are normally distributed. Most errors are near 
the zero line, with a few errors far from that. The nature 
of essentially normal distribution with a narrow range 
makes the ANN model more robust for real applications.

Conclusions
This study develops a data-driven, physics featuring 
model based on ANN for estimating fracture permea-
bility, with consideration of static geometric properties, 
e.g., mean aperture, relative roughness, tortuosity, and 
ratio of minimum to mean apertures, and dynamic flow 
parameters, e.g., Reynolds number. Specifically, a val-
ue-to-value model is established to capture the nonlinear 
relationship between these static geometric and dynamic 
flow properties as input and fracture permeability as out-
put. The proposed model offers an efficient and accurate 
alternative to the traditional upscaling methods that can 
be readily implemented in reservoir characterization and 
modeling workflows. 

The main conclusions are summarized as:

ANN Architecture [5   6   4]
Three hidden layers with 5, 6, and 4 neurons, respectively.

Model Training

Training Samples 400 (80%)

APE 3.1%

PPE 96.3%

Model Validation

Validation Samples 100 (20%)

APE 3.5%

PPE 97%

Model Test
(Newly generated cases)

Test Samples 500

APE 3.9%

PPE 94.2%

Table 2  The optimum ANN structure, ANN hyperparameters, and model evaluation performance.
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•	 ANN could be successfully implemented as an effi-
cient and accurate tool to estimate the permeability 
of rock fractures as an alternative to traditional an-
alytical approaches.

•	 Global sensitivity analysis based on Sobol or vari-
ance-based decomposition is performed to explore 
the impact of these five static and dynamic properties 
on fracture permeability. Results show that except 
for roughness, tortuosity, and inertia (represented by 
Reynolds number), the ratio of minimum to mean 
apertures exerts a non-ignorable influence on the 
permeability of 2D rock fractures. All reviewed mod-
els from the literature, however, neglect its effect on 
fracture permeability, making their applicabilities 
questionable.

•	 The quality of training/validation/test samples 
significantly affects the quality of the ANN-based 
surrogate model and further its applicability. In this 
work, high-resolution NS simulations coupled with 
parallel computing techniques are used to generate 
the data sets.

•	 The space filling manner using the LHS technique 
guarantees the quality of the developed surrogate 
by using minimum data sets.

Fig. 7  The diagonal plots show the ground truth and predicted fracture permeabilities for: (a) training, (b) validation, (c) test, and (d) all samples.
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Fig. 8  A histogram showing the distributions of errors. Herein, positive values indicate overestimation, 
while negative ones correspond to underestimation. 
 
 
 
 
 
 

 
 
Fig. A1  An illustration of the boundary conditions imposed on a rough walled fracture. 
 
 
 
 
 
 

Relative Errors
-10 % +10 %0-5 % +5 %

No-slip boundary 

No-slip boundary Flow direction 

Fig. 8  A histogram showing the distributions of errors. Herein, positive values 
indicate overestimation, while negative ones correspond to underestimation.
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•	 The Bayesian optimization algorithm provides an 
efficient approach for determining the network struc-
ture and tuning related hyperparameters instead of 
the manual trial-and-error process.

•	 The developed surrogate model changes from under-
fitting to overfitting status as the number of epochs 
increases. We should avoid the overfitting issue by 
evaluating the overall model performance on the 
training/validation/test samples.

•	 The proposed surrogate model achieves an accura-
cy exceeding 90% for all training/validation/test 
samples, demonstrating its broad applicability and 
robustness and readiness for real application.

•	 We should pay attention to the gradient vanishing 
issues when dealing with deep neural networks.

The focus of the work is to develop an ANN-based, big 
data-driven, and physics featuring model for 2D rock 
fractures. Future work could be extended to include 
more complex topics, such as pressure and velocity fields 
estimation, and an extension to 3D cases. 

Appendix A: Mixed Finite Element 
Formulation
Consider the steady-state of incompressible, Newtonian 
laminar flow with no gravity effects, and the full physics 
NS equations can be given as:
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 is the density, p 
is pressure, and µ is viscosity.

We assume no-slip boundary conditions to the walls 
of the fracture, and pressure values are set at the frac-
ture’s outlet and inlet, Fig. A1. The gradient of velocity 
in the direction of the pressure gradient is set to zero 
to guarantee the fully developed flow and to avoid the 
inlet effect.

The NS equations can be formulated in a mixed vari-
ational form, where the pressure, and the velocity, are 
simultaneously approximated. Multiplying Eqn. A1 by a 
test function, 
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Applying the integration by parts technique, we have:
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The problem becomes, find 
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The electric submersible pump (ESP) remains the preferred artificial lift method for high rate production 
when technically viable. ESPs, on the other hand, are sensitive to downhole conditions and pumped 
fluid. Sour fields, in particular, are considered a major challenge for producing facilities and well com-
pletion elements. Reservoirs producing fluids with hydrogen sulfide (H2S) present a special challenge to 
ESP systems.

This article utilizes ESP field observations and pulled equipment findings from many dismantled in-
spection and failure analyses (DIFA). The findings confirmed H2S behavior and root causes of electrical 
and mechanical failures within multiple ESP components. The outcome of these investigations and the 
recommended system upgrades to enhance its reliability in a corrosive environment will be illustrated. 

Critical ESP system materials will deteriorate and fail when subjected to sour environments. H2S can 
penetrate the ESP cable insulation, attack the copper, and react to form copper sulfide (Cu2S) resulting 
in electrical failure. It can also permeate the seal bags and O-rings, diffuse in the seal’s dielectric oil, and 
attack the bronze and copper components in the seal and the motor. To improve reliability, a new version 
of the motor lead extension (MLE), using three individually armored connectors and a seal with a H2S 
sacrificial anode scavenger inside each chamber were introduced. The improved design encapsulated the 
insulated conductors individually within metal tubes made of high nickel alloy. The tubes can be termi-
nated individually at the motor and above the production packer with proven swage type connectors. 

By utilizing high nickel alloy tubes as barriers against H2S and removing all connections below the 
packer, the H2S effect has been eliminated. On the other hand, the seal with a H2S passive scavenger 
will retain most of the H2S in the dielectric oil before it reaches the motor. These novelty technologies 
enhanced the ESP’s reliability and prolonged its run life, resulting in significant well intervention savings 
and increased well availability.

Electric Submersible Pump Design Enhancements 
for H2S Harsh Environments
Mohammed A. Al-Khalifah, Rui F. Pessoa and Derek M. Sinclair

Abstract  /

Introduction
Sour well environments provide a unique set of challenges for electric submersible pumping (ESP) systems to 
overcome, and also provide the robustness and run lives as delivered in sweeter wells. Market solutions for sour well 
ESP products at the time were not delivering expected average run lives and suffering from repeated and similar 
failure mechanisms. Hydrogen sulfide (H2S) was penetrating ESP sealing mechanisms and barriers intended to 
protect the ESP systems from H2S attack, resulting in a reduction in the ESP’s run life. 

Three common areas of H2S ingress were identified during the dismantled inspection and failure analyses 
(DIFAs), namely the motor lead extension (MLE), the electrical connectors/penetrators, and the seal/protector 
component located between the ESP motor and pump. H2S would then react with subcomponents, such as cop-
per conductors to form copper sulfide (Cu2S), which deteriorated electrical insulating barriers leading to a lower 
than expected run life. 

Solutions were initiated, particularly for these three areas and new components; materials and procedures were 
developed to improve the robustness, and consequently, the run lives of the ESP systems in sour environments.

ESP Completions
The ESP completion for the majority of the studied wells consists of a downhole multi-sensor, motor, tandem seal 
sections, centrifugal pump, MLE, Y-tool, hydraulically set packer with packer electric penetrator, round power 
cable to surface, tubing, subsurface safety valve, wellhead tubing hanger, wellhead penetrator, and wellhead tree. 

Figure 1 shows the well schematic for a typical ESP completion utilized for sour fields. The ESP packer is typically 
located 200 ft above the pump to isolate the tubing annulus and protect the main cable from the sour environment, 
which is located directly below the packer. 

The ESP is a standard configuration of the motor, seal/protector, and pump with a Y-tool to allow intervention 
access below the ESP. The ESP motor is connected to the main cable run via an MLE cable that has a pothead 
connection into the motor, a lead barrier over the 200 ft of cable to prevent H2S ingress and an electrical penetrator 
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to ensure pressure integrity at the packer. The seal/
protector allows for expansion of the dielectric motor oil 
while ensuring produced fluids do not enter the motor 
and lead to failures.

The major subcomponents of the ESP system found 
to suffer attack from H2S were the ESP packer penetra-
tor, the MLE cable, the motor pothead, and the seal/
protector section. 

H2S Challenges
Throughout all DIFAs conducted, the extent of damage 
to the ESP components was found, but no root cause 
of failure. The severity of the damage was seen to be 
directly proportional to the H2S partial pressure1 of 
the reservoir from which the ESP was producing. The 
higher the partial pressure of H2S, the more corrosion 
was found on components, e.g., the power cable, MLE, 
seal bushings, and bearings. 

Although the initial failure rate was small, the com-
monality of damage by H2S attack required further 
action. The ESP run life was being degraded due to 
early failure of the MLE component, the motor pothead, 
and the packer penetrator. Failures would occur due to 
microcracking of the lead barrier allowing H2S ingress 
and consequent pitting corrosion of the electrical copper 
conductors. A product improvement plan was initiated 
to tackle the issues encountered and protect or isolate 
said ESP components from future H2S ingress. 

DIFA of Failed ESP Systems
ESP run life is a very important factor for producers using 
this method of artificial lift. It is expected that the target 
run days go far beyond the vendor’s warranty. Excellence 
in ESP performance are part of the goals pursued by 
oil field operators to maintain the lowest possible lifting 
costs. With this in mind, all ESPs that do not reach the 
target run life are dismantled and exhaustive failure 
analysis is carried out to capitalize on the lessons learned 
and identify areas of ESP improvement or technology 
development if needed. 

Some ESP systems that exhibit good run life, mostly 
in excess of 10+ years, are dismantled and analyzed 
too. So, the information presented here is based on real 
observations and evidence collected during the DIFA 
process for ESP equipment, particularly components 
that didn’t reach the target run days.

Failures on the MLE and Pothead 

The MLEs widely used since the sanctioning of most 
sour field developments requiring ESP have been ei-
ther the plug-in or tape-in pothead type with a standard 
monobore connection to the motor. Stringent internal 
standard requirements called for high temperature grade, 
harsh environment, and the highest electrical rating of 5 
kV. MLE with a lead sheath protecting the conductors’ 
insulation, Monel wrapped armor and pothead back 
filling with epoxy and/or lead have being successfully 
used, in many cases with run lives exceeding 10 years. 

Nevertheless, weaknesses related with cracks in the 
lead sheath have resulted in many failures. These cracks 
allowed H2S to attack the copper conductors, mainly 

near where the lead jacket terminated into the pothead 
body or at the interface between the MLE cable and 
the pothead. Figure 2 shows examples of a tape-in and 
plug-in type pothead.

Traditionally, a lead jacketed MLE cable has been 
used in the belief that lead kept out well fluids. Lead 
is a recognized impermeable material, even for gases. 
A good number of motor lead cables that checked bad 
electrically were dismantled to show damage to the lead 
jacket, which allowed H2S ingress and conductor cor-
rosion. The origin of these cracks has been identified 
from manufacturing due to excessive armor tightening, 
handling in the field during installation, or the presence 
of contaminants in the lead. The lesson learned is that 
the lead sheath cannot be trusted as an effective barrier.
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From the DIFA evidences, once the H2S infiltrates 
through the lead sheath, it permeates the secondary ca-
ble insulation, usually made of ethylene-propylene-di-
ene-monomer (EPDM) rubber. It also starts breaching 
the overlap wrapped polyimide film that commonly forms 
the primary insulation, usually through the easiest path, 
which is the interstices of the film. In contact with the 
conductor, the H2S corrodes the copper wire, leading 
to Cu2S buildup as a byproduct. This mechanism cre-
ates the characteristic pattern, Fig. 3. The MLE finally 
fails, either because the wire cross section is reduced by 
corrosion and cannot continue supporting the electrical 
load, or because the Cu2S grows enough to breakdown 
the insulation.

A good improvement in the traditional H2S MLE with 
a regular pothead connection was achieved by upgrading 
the insulation from EPDM and polyimide (Kapton®) to 
polyether ether ketone (PEEK). It is believed that the 
low permeation rate of H2S through PEEK, coupled 
with the very tight conformance of the insulation to the 
conductor, poses a stronger barrier for H2S to reach the 

copper conductors.
Although improved QA/QC plans, periodic manufac-

turing inspection, field service audits and new insulation 
materials allowed a generous improvement in reduc-
ing the failure rates, the standard harsh environment 
MLEs with a monobore pothead continued being a risk 
in achieving long run lives consistently in wells with high 
partial pressures of H2S. A game changer technology 
to overcome this challenge has been the metal-to-metal 
sealing MLE, whose details are presented later.

Failures on Penetrators and Electrical Connectors

The common well completion practices in harsh fields 
require a packer above the ESP. This well barrier provides 
enhanced well control for safety purposes and protects 
the casing from corrosive fluids like H2S and carbon 
dioxide. On the other hand, it requires the use of an 
electrical penetration system to communicate the ESP 
power cable and the MLE.

Penetrators are also required to pass through the tub-
ing hanger and the wellhead in the surface (wellhead 

Fig. 2  Examples of the common area of an MLE pothead failure due to H2S attack.

Fig. 3  H2S corrosion of an MLE copper wire under EPDM secondary insulation and polyimide primary insulation due to a cracked lead sheath.
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penetrators). 
The design of both packer and wellhead penetrators 

share several commonalities based on its function of 
pressure containment but the exposure to different 
operational conditions and corrosiveness of the envi-
ronment makes them inherently different, so it is their 
relative failure rate. Historically, the packer penetrators 
have shown a higher number of failures, many of them 
likewise to MLEs, a consequence of H2S corrosion on 
the lower connectors — below the ESP packer. In fact, 
the failures associated to the penetrators were a bigger 
concern since these triple the MLE cases.

All electrical penetrator manufacturers rely on some 
type of elastomeric seal to isolate the electrical connec-
tions from the well fluids. The more common materials 
are Aflas and hydrogenated-nitrile-butadiene rubber, 
which have a high permeation rate to H2S. The pene-
trator connectors tend to fail within one to three years, 
depending on H2S partial pressure. Both factory molded 
and field attachable penetrators have been used in harsh 
environments. Although the factory molded pieces have 
shown slightly better performance, they have not been 
widely accepted mainly due to the hassles related with 
longer manufacturing lead times, bigger reels for shipping 
and handling, and longer rig times due to accurate space 
out required between the packer and the ESP motor.

The packer’s penetrator lower connectors have con-
sistently been a major failure component in high H2S 
partial pressure fields. Initially, many tear downs were 
done in the original equipment manufacturer’s factory 
and formal reports were prepared and delivered to the 
ESP contractor. The reports were consistent in their 
conclusions even though little analysis was actually done. 
Many recurrent findings were therefore misdiagnosed 
and attributed to the wrong root causes.

One cause of failure was assigned as “explosive de-
compression” of the connector, Fig. 4; however, deeper 
analysis demonstrated that it was actually a mechanical 
failure as the corrosion was so severe that the Cu2S 
byproduct grew so large that the steel tube could not 
withstand the pressure2.

This has been confirmed on many other penetrators 
where the Cu2S bumps are in early growing stages, Fig. 5.

Another cause of failure was attributed to decompres-
sion leak of boot seals, Fig. 6, but this type of failure 
could never be repeated in laboratory testing. The 
productivity indices of these wells are generally very 
high so there is no production scenario that could give 
cause to a rapid drop in pressure below the packer. The 
low-pressure drops have been repeatedly evidenced by 
direct measurement through the ESP downhole sensor 
or permanent downhole monitoring gauges available in 
some completions.

Figure 7 shows another common finding in many 
penetrators, which either failed or are still with good 
electrical readings. Staining and carbon-like deposits in 
the electrical connectors were attributed to high heat. 
Deeper evaluation and lab analysis proved that this di-
agnosis was wrong as it turned out to be deposits of 
Cu2S — effects of crevice H2S corrosion. Despite that 
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Fig. 4  A burst in a penetrator tube due to excessive pressure exerted by the growth of the copper 
corrosion byproduct. 
 
 
 
 

 
 
Fig. 5  The Cu2S bumps growing under the PFA cable insulation inside a penetrator capillary tube. 
 
 
 
 

 
 
Fig. 6  The suspected decompression failure of a boot seal. 
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Fig. 5  The Cu2S bumps growing under the PFA cable insulation inside a penetrator 
capillary tube.

Fig. 6  The suspected decompression failure of a boot seal.
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Fig. 7  The suspected heat effect (top) turned out to be H2S corrosion (bottom). 
 
 
 
 

 
 
Fig. 8  Insulation burn attributed to poor power quality. 
 
 
 

 
 
Fig. 9  Cu2S encroachment in PFA insulation (megger reading 501 GΩ). 
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Fig. 7  The suspected heat effect (top) turned out to be H2S corrosion (bottom).
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the connectors are gold plated, the gold layer is damaged 
during the crimping process, exposing bare copper that 
is then attacked by H2S.

Another usual finding in some failed penetrators has 
been an insulation burn inside the lower connector capil-
lary tubes, Fig. 8. In general, the root cause of this issue 
has been attributed to poor electrical power quality by 
penetrator manufacturers without any solid fundamen-
tals. Even penetrators that had good insulation readings 
(megging) were found to have problems that could only 
be seen during the dismantle stage. For example, the 
penetrator components in Fig. 9 would not have been 
dismantled based on the good insulation, but they have 
given some of the strongest evidence yet of what the true 
root cause of failure is. 

In the case of perfluoroalkoxy (PFA) insulated cable, 
e.g., Figs. 8 and 9, H2S finds micro-voids underneath the 
insulation. As the corrosion moves further away from 
the H2S entry point, it becomes progressively worse as 
the pH in the micro environments within the crevices 
becomes more acidic. The Kapton® insulated motor 
lead cable previously shown in Fig. 2 appears to be very 
different, and yet the root cause of failure is the same, it 
is crevice corrosion from an H2S attack.

Since Cu2S is a semiconductor in most of its forms, the 
insulation, once damaged, can cause electrical treeing3, 
Fig. 10, for a cable pulled from a sour field. Despite this 
condition being concerning, the electrical insulation 
megged good during the dismantling process, however, 
a complete premature insulation breakdown should be 
expected at any point soon. 

Failures on ESP Seals (Protectors)

ESP seals, also known as protectors, play a very important 
role in the reliability and run life of the ESP system. A 
vast majority of wells require that the pumping system 
be installed at inclinations that require the use of bag 
chambers for appropriate isolation of the motor oil from 
the well fluids. This way the standardized ESP string 
design includes dual tandem seals with a minimum of 
two bag chambers on each, and all connected in a series 
for maximum redundancy. Parallel configuration of the 
bags is rarely required. For sour environments, good 
recommended practices and internal standards call for 
an Aflas elastomer throughout the seal assembly, which 
includes the bags, the O-rings, and the boot sealing 
elastomer of the shaft mechanical seals.

The experience from the DIFAs is that the H2S can per-
meate the elastomers reaching up to the motor regardless 
of the number of redundant chambers and that bags are 
not broken. Nevertheless, a higher number of redundant 
chambers will delay the process. The invasion of H2S 
progresses from top to bottom, which is evident from the 
decreasing damage in terms of corrosion and staining of 
parts in the same direction. Some parts in the seal that 
are traditionally made of bronze or aluminum bronze 
like the radial bearings, thrust rings, thrust bearings, 
and recirculation oil pumps, will suffer some degree of 
corrosion despite the fact that they are fully wetted by 
dielectric oil. This is because the H2S dissolves in the 
dielectric oil as it permeates through the bags.

Figure 11 shows an example of highly corroded bearings 
and a recirculation oil pump. It can be observed the con-
siderable material lost to corrosion and growing Cu2S. 
The effects of debris in the dielectric oil and the lack of 
bearings lubrication are catastrophic as these cascade 
into major problems such as well fluid contamination 
to the motor or shaft snapping. 

Even the highest strength shafts of nickel alloy 718 used 

Fig. 8  Insulation burn attributed to poor power quality.
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Fig. 7  The suspected heat effect (top) turned out to be H2S corrosion (bottom). 
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Fig. 9  Cu2S encroachment in PFA insulation (megger reading 501 GΩ). 
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Fig. 9  Cu2S encroachment in PFA insulation (megger reading 501 GΩ).

Fig. 10  Electrical treeing in a cable with good electrical readings. 
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Fig. 11  H2S corroded seal bronze parts vs. original. 
 
 

 
 
Fig. 12  The effects of corroded bronze bushings in seal shafts. 
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in ESP equipment can succumb to the lack of lubricity 
and material transfer from corroded bronze bushings, 
Fig. 12. The process starts with localized heat, abrasion 
of the shaft and material transfer of the growing Cu2S 
byproduct until the shaft either snaps or the bushings 
become seized to the shaft and start spinning with it 
leading to higher vibration and temperature.

As concluded from these DIFA evidences and discussed 
in some published literature for harsh environments, the 
recommendation is to use seals with compliant radial 
bearings ( journal type) of hardened material throughout 
the seal assembly. Either cermets like tungsten carbide or 
ceramics like silicon carbide or zirconia are commonly 
used. Many installed seals have included these only in 
the seal head and/or the seal base while bronze bearings 
are still used in the seal guides in between. This will 
certainly affect the reliability of the ESP system sooner 
or later depending on the H2S partial pressure and the 
bronze composition.

The bronze composition is a very important variable 
when dealing with H2S. Some solid bronze casting parts 
such as thrust rings and fixed pad design thrust bearings 
are commonly found stained black due to superficial 
H2S corrosion, but without concerning material loss 
or growing deposits of Cu2S when used as upthrust 
bearings. This type of bronze has some aluminum con-
tent — aluminum bronze alloy — and can survive in 
sour environments depending on the load conditions, 
even with the presence of moisture. This is attributed 

to the pacifying properties of aluminum oxide films4 
and the low removal rate of such films considering the 
limited and intermittent load carried by the ESP seal in 
the upthrust bearings. Based on these DIFA evidences 
and the risks of fluttering tilting pad bearings used as 
upthrust carriers, a vast majority of the seals installed 
in a sour environment are not completely “bronze free.” 
These still rely on either a ring or bearing of aluminum 
bronze to handle upthrust loads. 

For downthrust load carrying purposes the preferred 
bearings have been of the tilting pad design with polymer 
lining. These are more tolerant to misalignment and 
have the ability to accommodate a considerably wider 
range of loads and speeds. The only issue observed with 
these in sour environments is that the manufacturers 
typically use a substrate of bronze between the carbon 
steel bearing carriers and the lining polymer to improve 
the bonding of the polymer. The substrate is attacked 
by H2S and the lining polymer is found many times 
delaminated from the carrier, Fig. 13. 

Based on the observations of many DIFAs and the 
summarized findings presented, it has been possible 
to identify opportunities of improvement through the 
development of new seal technology. A periodic review of 
internal Engineering Standards is performed to ensure 
these are updated according to lessons learned, best 
recommended practices and always reflect the state-
of-the-art in ESP knowhow for harsh environments.

Fig. 11  H2S corroded seal bronze parts vs. original.

Fig. 12  The effects of corroded bronze bushings in seal shafts.
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Product Improvements
In this section, we will explain the product improvements 
for the previous three major challenges in equipment 
reliability in sour wells.

MLE Improvement

The need for an MLE consistently more reliable in harsh 
environments has been the drive for novel ideas. The 
objective was to develop a new MLE minimizing if not 
avoiding the use of elastomers and/or epoxy directly ex-
posed to well fluid and thereby at risk of H2S penetration.

Initial developments focused on improving the in-
sulation of the MLE copper wires with materials less 
permeable to H2S in an effort to prevent the findings 
discussed previously. This first step in the learning curve 
had good success incorporating PEEK to replace EPDM 
and wrapped Kapton®. Like in the former MLE, a lead 
sheath was used as the barrier to keep H2S away of the 
PEEK insulation. This improved version was still limited 
using elastomer sealing on the pothead to motor connec-
tion, therefore posing a risk for H2S to enter the system.

A drawback of this MLE was that the greater hard-
ness and stiffness of the PEEK insulation increased the 
risk of damaging the lead sheath by the outer armor. 
Furthermore, the arrangement of all three MLE phases 
entering together in the classic pothead creates a challeng-
ing geometry to seal. Since this model was still having 
the three cable phases armored together and a monobore 
motor pothead, a second step in the learning curve was 
splitting the phases. A new version5, Fig. 14, was then 
introduced with the following features and benefits: 

•	 The three MLE phases were split, armored inde-
pendently and connected separately in the motor 
head. This facilitated the individual sealing of each 
conductor within its motor connector when compared 
with the classic monobore pothead. This is because 
there is more space available for the operators to 
perform the soldering operation required for sealing.

•	 Three individual armored connectors are better 
protected from mechanical damage while running 
in the well.

•	 Less prone to human error, considering the sim-
ple connection when compared with tape-in MLE 
pothead.

•	 Each motor connector has pressure test ports to 
verify integrity during installation, which has been 
a previous failure mode.

•	 The manufacturer’s qualification was performed up to 
45% H2S at 3,000 psi and 425 °F, which far exceeded 
the partial pressures in the field.

Although this improvement was another great achieve-
ment in the learning curve, it did not address all the 
concerns identified for a harsh environment. The sealing 
system of the connectors, now substantially reduced in 
terms of exposed area to well fluids, was still based in 
elastomers even though these were upgraded from Aflas 
to Chemraz 562. It also still needed the use of packer 
penetrator lower connectors (below the ESP packer), 
which were identified as a possible entry point of H2S in 
the electrical system from many DIFA findings. Actually, 
the penetrator was the failed component in a field tri-
al test of this MLE carried in a sour well. The MLE 
itself was found to be good, but it ended up not being 
well accepted as harsh environment technology due to 
these weaknesses and the penetrator failure as part of 

Fig. 13  The delamination of lining polymer in tilting pad thrust bearings initiated by H2S corrosion of the bronze substrate.

Fig. 14  The first version of split phase MLE.
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the overall ESP system.
One ESP vendor proposed an alternative MLE with 

split phases and metal-to-metal sealing from the back of 
the pothead up to above the packer by simple adaptation 
of an existing two piece subsea pothead — also used in 
extreme temperature steam assisted gravity drainage 
wells. The connection of this pothead to the motor was 
still of monobore geometry, similar to the classic pothead. 
Likewise, the main seal with the motor is an elastomer 
boot and a lead gasket. Another lead gasket was used to 
seal in between the two pieces of the pothead body. Both 
lead gaskets promised at least some “soft” metal-to-metal 
sealing around the motor head. This was an attractive 
alternative when compared with the other available MLE 
technologies for some of the wells with the highest H2S 
partial pressure. Therefore, multiple wells were fitted 
with ESPs using this MLE pothead technology. Figure 
15 is a photo of two variants of this pothead with angled 
and straight tubes. 

Although this alternative had a good rate of success it 
still showed some weaknesses:

•	 Lead again was not the most reliable sealing material 
due to the difficulty to keep an even compression 
between the pothead body parts in the field.

•	 Stiffness of the tubes in relation to the short distance 
these penetrate in the back compression fittings.

•	 The pothead is not pressure testable after made up 
to the motor.

The first two weaknesses increased the risk of failing the 
metal seals either due to rough handling during installa-
tion or when running in the well. Therefore, this MLE 
technology was susceptible of well fluid leakage either 
through the back fittings or any of the lead gaskets and 
require improvement. These causes were confirmed after 
a few premature failures, although the average run life 
still doubled that for the classic harsh environment MLE.

The MLE development learning curve continued follow-
ing multiple trial tests. A reliable metal-to-metal sealing 
technology was developed to seal the MLE from the 
motor head to above the ESP packer6. Figure 16 shows 
three different types from three different suppliers of 
the full metal-to-metal sealing MLEs from the motor 
up to above the packer.

This technology encapsulates each of the three elec-
trical conductors on individual metal tubes. Resistant 
metallurgy to H2S such as nickel alloy or nickel-copper 
alloy is used in the tubes that extend from the motor 
connector up to the top of the ESP packer, eliminating 
the need for a packer penetrator. Metal-to-metal sealing 
at the motor is achieved through compression swage type 
ferrules or C-rings directly in the motor head ports or a 
fit for purpose head adapter. The tubes pass through the 
ESP packer where they are sealed using metal-to-metal 
compression fittings. In the tubing-casing annulus (TCA), 
above the packer, electrical connectors provide electrical 
continuity between the MLE conductors and the ESP 
power cable for each separate phase. The MLE tubes are 
terminated with metal-to-metal standard compression 
fittings coupled to the electrical connectors’ housing.

Fig. 15  The former models of pothead applied for harsh environment.

Fig. 16  Three different MLEs with metal-to-metal sealing technology.
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Packer Penetrators Improvements

The field attachable packer penetrator’s — with con-
nectors below the packer — recent improvements pos-
itively impacted the reliability in harsh environments. 
Nevertheless, this technology lost relevance for the wells 
with higher partial pressure of H2S after the introduction 
of the full metal-to-metal sealed MLE.

One improvement of the older penetrators included 
changing the penetrator wire insulation material from 
PFA to PEEK and increasing its thickness. Another 
improvement was doubling the thickness of the gold 
plating over the electrical terminals and switching to a 
crimping process less aggressive to minimize the risk of 
damaging the gold plating layer. Additionally, a layer of 
PEEK tape was wrapped over the crimped zone until the 
end of the penetrator tube in an attempt to avoid H2S 
entering any crevices between parts. These and other 
minor changes have significantly increased reliability and 
reduced the penetrators’ failure rate. The penetrators run 
time expectancy was extended but the H2S permeation 
problem has not been completely solved. Subsequently, 
the field attachable penetrators remain useful and more 
cost-effective for mild harsh environments.

On the other hand, a reliable electrical connector is 
still required for terminating the metal-to-metal MLE 
tubing with the round cable (main cable) in the TCA 
above the packer. The design conditions are challenging 
since the connectors have to sustain the TCA comple-
tion fluid hydrostatic column, the testing pressure of 
the packer and the pressure cycles related to TCA fluid 
thermal expansion. Accordingly, a stringent procedure 
is required for the electrical connector or splice tube 
qualification. For the subject case, the electrical con-
nectors were tested with 50 pressure cycles between 
1,500 psi to 6,500 psi along with five thermal cycles 
simultaneously. All test samples were required to pass 
the current leakage criteria and the DIFA inspection 
after testing. Following this procedure led to a reliable 
system with an extended run life.

ESP Seals Improvement 

The three main improvements performed in the seals 

that have proven very successful were:
•	 Extend the use of hardened compliant radial bearings 

throughout the seal (previously used only in heads 
and bases).

•	 Standardizing Aflas as the material for the bags and 
O-rings exposed to well fluid.

•	 Implementation of copper sacrificial anodes inside 
the chambers as a H2S scavenger.

The implementation of copper as a H2S scavenger is 
perhaps the most novel approach in developing a seal 
for high H2S partial pressures. For this purpose, a static 
sleeve of copper is fitted concentric to the guide tube 
inside each bag (B) and/or labyrinth (L) depending on 
the chamber type. After the H2S permeates through the 
elastomer bag, it dissolves into the dielectric oil and is then 
sequestered by the copper sleeve, which progressively 
corrodes forming Cu2S as a byproduct. There was some 
concern about this technique due to contamination of 
the oil with Cu2S and the release of large amounts of 
debris, but experience has proven that it works. 

Most of the corrosion byproduct remains attached to 
the copper sleeve so no significant amount of debris are 
released, which is different than when H2S attacks parts 
under relative motion like the radial bronze bushings or 
the downthrust bearing. Additionally, the top chambers 
capture the greater percentage of H2S easing the exposure 
of the lower chambers.

Figure 17 shows a copper sleeve exposed after cutting 
the bag in the lower chamber of a lower dual tandem 
seal (six total chambers configured in a series as L/B/B-
B/B/B from top to bottom) and the oil from the same 
chamber. This well failed due to a pump problem after 
909 days of operating. The oil was very clean and had 
a dielectric strength of 21 kV. 

Figure 18 shows a comparison of the H2S scavenger 
copper sleeves for an upper tandem seal configured with 
three bags in a series (B/B/B). This ESP ran for 332 
days in a sour well and was pulled without failure. It 
can be observed how the top copper scavenger is highly 
corroded compared with others. The center scavenger 

Fig. 17  Dielectric oil and H2S scavenger from the lowest bag in a severe service ESP seal.
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Fig. 18  A comparison of H2S scavengers from a B/B/B seal showing H2S corrosion progress from upper 
(left) to lower (right) bag chambers. 
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(middle seal’s chamber) has some minor corrosion since 
most H2S was scavenged in the top bag. Finally, just a 
very low concentration of H2S reaches the lower seal 
chamber, so the copper scavenger is just superficially 
stained. For this well, the scavengers fitted in the lower 
tandem seal bags were corrosion free (copper retained 
its original color).

Another improvement to the ESP seal for a harsh envi-
ronment was the implementation of shaft mechanical seals 
with a metal bellow, Fig. 19, instead of an elastomer boot. 
Although it can be used throughout the seal assembly, 
it is required for the top chamber at least. 

One more improvement that is currently ready for 
field-testing is the use of metal below to replace the 
elastomer bag in the seal’s top two chambers. The im-
plementation of metal bellow technology in both the 
top shaft mechanical seal and the top chambers has 
two objectives:

•	 Maximize the reliability of the top chambers as the 
ESP seal’s first barrier through which the H2S has 
to pass.

•	 Significantly reduce the elastomer area exposed to 
H2S to minimize its permeation to the lower ESP seal. 

Other efforts and developments ongoing are to com-
pletely replace a few bronze parts that remain in the 
seal like the upthrust ring and the downthust bearings 
with tilting pads that use bronze to improve the lining 
polymer bonding. These have not been a major threat 
to achieve long run lives in sour H2S wells, however, 
the goal is to strive to consistently extended the ESP 
run life to 10+ years.

Summary of Improvements

Table 1 summarizes the improvements discussed and 
others in general of the ESP string for severe H2S service.

Conclusions 
The partial pressure of H2S is a good indicator to the 
severity of the environment where standard ESP systems 
are utilized for wells containing H2S. Acceptable run 
lives can be delivered for lower partial pressure wells, 
however, the common failure modes will occur at some 
point in the ESP’s lifetime.

Isolation of the MLE cable from the well environment 
by using nickel-copper alloy tubing has proven to pre-
vent H2S ingress, which the lead barrier cable could not 
repeatedly deliver. The metal tubes provide an effective 
barrier to H2S throughout the cable length and do not 
degrade or crack during installation, which was a com-
mon failure mode of lead. 

Replacing the motor pothead with three individual met-
al compression seals has prevented H2S ingress as seen 
due to failed lead and elastomer seals. Unlike standard 
ESPs, the connection to the motor can now be pressure 
tested to ensure integrity before running in the hole. 

Replacing the packer penetrator for electrical connec-
tors only above the ESP packer and allowing a metal 
seal around the MLE tubes has isolated it from the well 
environment, thereby eliminating any H2S ingress po-
tential through this component.

The seal/protector improvements included changing 
bronze materials for cermets/ceramics, upgrading Aflas 
bags and including sacrificial copper anodes inside the 
bags. These changes have shown to be effective in pre-
venting H2S to reach the motor. 

Since the introduction of the product improvements 
presented here, there have been no re-occurrences of 
the failure mechanisms seen at the MLE and connection 
points to the motor or packer. The run life of ESP sys-
tems is increasing in high H2S partial pressure wells and 
the failure rates are more aligned to that of the sweeter 
fields. The new product has become the new standard to 
be installed for wells where high H2S partial pressures 
are encountered.

Fig. 18  A comparison of H2S scavengers from a B/B/B seal showing H2S corrosion 
progress from upper (left) to lower (right) bag chambers.
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List of Abbreviations 

B Bag type seal chamber

BL Labyrinth in a bag seal chamber

L Labyrinth type seal chamber

MB Metal bellow seal chamber
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Item Initial System Improved System

O-Rings Elastomers Highly Saturated Nitrile (HSN), Viton Aflas

Packer Seal Material HNBR and Nitrile Aflas

MLE: 
•  Insulation
•  H2S barrier
•  Motor connection
•  MLE pothead to motor seal

Standard Hi-Temp (KELB):
•  Kapton®/EPDM Rubber
•  Lead sheath
•  Tape-in and plug-in
•  O-ring (HSN, Viton, Aflas)
•  Boot

Hi H2S Partial Pressure Design:
•  PEEK, Kapton® + PFA
•  Inconel or Monel tube
•  Individual phases threaded
•  Metal-to-metal
•  EPDM rubber

Trim Material (Fasteners, drain/fill plugs) Silicon Bronze and Carbon Steel Monel

Packer Electric Penetrator:
•  Insulation
•  H2S barrier

Molded Rubber:
•  HNBR
•  HNBR or Aflas

MLE tubes (metal-to-metal seal):
•  PEEK or Kapton® + PFA
•  Inconel or Monel Tube

Round power cable (In the TCA) Non-leaded and EPDM/EPDM Lead sheath and EPDM/EPDM

Seal Section/Protectors:
•  Radial bearings
•  Mechanical shaft seal bellows
•  Mineral oil reservoir bags
•  Mineral oil reservoir bag scavenger
•  Thrust bearing

B/L – B/L – HSN:
•  Bronze shaft bushings
•  Elastomer – HSN or Aflas
•  HSN
•  None
•  Bronze

L/B/B – B/B/B or B/B/B – B/B/B or B/B – 
B/B or MB/MB/L – BL/BL/L (trial):

•  Cermet or ceramic compliant 
    bearings: Tungsten carbide, silicon  
    carbide or zirconia
•  Inconel metal bellow
•  Aflas
•  H2S scavenger copper sleeves
•  Polymer lining carbon steel

Table 1  A summary of the improvements discussed and others in general of the ESP string for severe H2S service.
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Hydraulic fracture initiation can be a challenging issue for fracturing deep and tight gas reservoirs, which 
generally requires a high breakdown pressure for clustered perforation hydraulic fracturing treatment. 
Oriented perforation represents a potential solution to this issue, which cannot only lower breakdown 
pressure but also deliver a better oriented fracture geometry. 

In this article, we present a new strategy to tackle this issue, which includes a framework to calculate 
the optimum perforation direction, and a new perforation cluster layout design. The optimum perforation 
direction is defined as the one, along which hydraulic fractures can be initiated with the lowest breakdown 
pressure for a perforation cluster. It can be used to control the perforation device rotating and fired in the 
right direction in the subsurface. Further, we present a new perforation cluster layout design, which can 
alleviate the near wellbore fracture tortuosity and deliver a better fracture initiation when it is aligned 
along the optimum perforation direction in the subsurface.

With the two parts of the strategy working together, fracture initiation from a perforation cluster can 
be achieved a lot easier than using the conventional perforation method. This new perforation strategy 
can alleviate the near wellbore fracture tortuosity, minimize fluid flow restriction and reduce pressure 
friction loss during hydraulic fracturing treatment. Otherwise, multiple and reoriented nonplanar frac-
tures originated from the wellbore perforation cluster likely lead to a premature screen out, which can 
negatively impact fluid injection to achieve a desired stimulation performance. 

Hydraulic fracturing treatment in deep and tight gas reservoirs can be improved through the following 
actions: calculating breakdown pressure and optimum perforation direction, using a new perforation 
cluster layout design, and aligning the perforation cluster in the right direction.

A New Oriented Perforation Strategy for Hydraulic 
Fracturing Treatment in Deep and Tight Reservoirs
Dr. Kaiming Xia, Dr. Yufeng Cui and Dr. Tariq Mahmood

Abstract  /

Introduction
Hydraulic fracture initiation in deep and tight gas reservoirs can be a challenging issue, which generally requires 
a high breakdown pressure. Oriented perforation can be used to alleviate the breakdown issue, which can, not 
only lower breakdown pressure but also deliver a better fracture geometry. The optimum perforation orientation 
can alleviate the near wellbore fracture tortuosity issue, minimize fluid flow restriction, and friction pressure loss 
during hydraulic fracturing. Otherwise, multiple and reoriented nonplanar fractures, originating from wellbore 
perforation clusters, may likely lead to a premature screen out and negatively impact the fluid injection potential 
to achieve a desired stimulation performance. 

Perforating vertical or horizontal wells represent two special cases of oriented perforation, in which perforating 
guns can be easily oriented in the direction of maximum horizontal stress, along which hydraulic fractures will 
be initiated and propagated. For horizontal wells generally drilled in the minimum horizontal stress direction, 
hydraulic fractures will propagate toward the maximum horizontal stress direction once the fracture successfully 
initiates from the near wellbore. 

Figure 1 shows a horizontal well drilled in the direction of minimum horizontal stress, which has three perfora-
tions. The stress regimen is the strike slip, and has σHmin < σv < σHmax. The three perforations are in the horizontal 
direction, vertical direction, and deviated direction. In Fig. 1, the cross sections of the perforations (red line) are 
plotted nearby. The horizontal perforation aligns in the direction of maximum horizontal stress. The vertical per-
foration is at the bottom. Perforating vertical or horizontal wells can lead to hydraulic fracture propagating in the 
maximum horizontal stress direction, but requires different breakdown pressure acting on the perforation tunnels. 
For a vertical well, the optimum perforation direction will be in the maximum horizontal stress direction, which 
can be easily determined. Subsequently, for a deviated, cased hole, and clustered perforation hydraulic fracturing 
treatment, it is relatively difficult to determine the optimum perforation direction without an analytical solution. 

So far, very little work on this topic has been published in open literature; although a few articles have discussed 
orienting perforation1, 2, which mainly focused on sand control. None of them has given any concrete procedures 
or formulations to calculate the optimum perforation direction. For this reason, this article provides an analytical 
approach to calculate the optimum perforation direction, which can be applicable to a deviated, cased hole, and 
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clustered perforation hydraulic fracturing treatment.
In this article, the optimum perforation direction is 

defined as the one along which hydraulic fractures can 
be initiated with the lowest breakdown pressure for a 
perforation cluster in a subsurface geologic setting. The 
method to determine the lowest breakdown pressure for 
a deviated, cased hole, and clustered perforation has 
been presented3, which can account for the casing-ce-
ment-rock interaction effect, perforation quality, and 
stochastic properties. The details on this work can be 
found in a patent3 and will not be repeated in this ar-
ticle. Based on the lowest breakdown pressure and its 
corresponding phase angle predicted by the model3, the 
oriented perforation azimuth and perforation dip can be 
subsequently calculated. 

In this article, the formations for this part will be specif-
ically discussed and presented. The optimum perforation 
orientation — perforation angle, perforation azimuth, and 
perforation dip — can be used to control the perforation 
device rotated so that the charged gun can be fired in 
the right direction for a subsurface geologic setting. This 
can ensure that the perforation cluster has perforations 
aligning in the optimum direction and needs the min-
imum breakdown pressure for fracture initiation. This 
can improve the success rate of the hydraulic fracturing 
treatment in deep and tight reservoirs. 

To further improve the fracture initiation issue, a new 
perforation cluster layout design is presented. It can al-
leviate the near wellbore fracture tortuosity issue and 
deliver a better oriented fracture geometry. This new 
perforation cluster layout can perform better if it is aligned 
in the optimum perforation direction. Together, this 
new strategy can improve the success rate of hydraulic 
fracture initiation or breakdown issue. 

Relationship between Breakdown Pressure 
and Oriented Perforation for Deviated 
Wells 
As presented in a patent by Xia and Cui (2022)3, a 
framework was developed for calculating the breakdown 
pressure for a perforation cluster, which is applicable 
to deviated, cased hole, and clustered perforation hy-
draulic fracturing treatments. Figure 2 shows the loads 
that should be included to estimate the induced stresses 
around the wellbore perforation interface for perforation 
breakdown issues. First, the stresses around the perfo-
ration are induced by the far-field in situ stress tensor. 
Second, the borehole bottom-hole pressure, PW, can be 
partially and radially transferred to the rock through 
casing and cement, which generates additional stresses 
over the wellbore perforation interface. 

And third, injecting fluids into the perforation from 
the casing and maintaining pressure, Pperf, acting on the 
perforation wall, which generates tensile hoop stress 
around the perforation. It is the driving force to initiate 
longitudinal fracture along the perforation tunnel for a 
breakdown. Consequently, the fluid pressure inside the 
perforation tunnel can be less than the PW inside the 
casing if perforation friction loss exists. The perforation 
friction loss can be estimated based on some empirical 

equations shown in fluid mechanics. The resulting in-
duced stresses by these loads are denoted by superscript 
as σI, σII, and σIII, respectively. 

The breakdown pressure is estimated based on the 
stress state around the wellbore perforation interface. 
From a mechanics point of view, the breakdown pres-
sure for a perforation cluster is a highly 3D mechanics 
problem and is very difficult to obtain the closed form 
analytical solution; however, it can be approximately 
obtained through iterating the phase angle from 0° to 
360°. Based on the lowest breakdown pressure and its 
corresponding phase angle predicted by the model3, 

Fig. 1  The orienting perforation for a horizontal well.
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Fig. 2  The loads and induced stresses around the perforation tunnel wall. 
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the optimum perforation azimuth and dip angle can be 
subsequently calculated through the coordinate system 
transformation. The detailed procedures to calculate the 
optimum perforation direction will be introduced next.

Series of Coordinate System Transformation 
To predict the required breakdown pressure for hydraulic 
fracturing treatment, there is a need to transform the far 
field in situ stresses from the global coordinate system to 
the local coordinate system attached to each individual 
perforation, Fig. 3. 

As shown in Fig. 3, we have the first global coordinate 
system, 
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, starting from the measure depth of 
zero. In this framework, the global coordinate system is 
defined as the x-axis always aligning with the north, the 
y-axis aligning with the east, and therefore, the z-axis is 
vertically downward, e.g., into the Earth. For the well 
survey, any point along the well trajectory can be de-
termined by three parameters: measured depth (MD), 
wellbore deviation (
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cos 𝛼𝛼𝐷𝐷𝑛𝑛 0 − sin 𝛼𝛼𝐷𝐷𝑛𝑛
0 1 0

sin 𝛼𝛼𝐷𝐷𝑛𝑛 0 cos 𝛼𝛼𝐷𝐷𝑛𝑛
] [−

cos𝛼𝛼𝐴𝐴𝑛𝑛 sin 𝛼𝛼𝐴𝐴𝑛𝑛 0
sin 𝛼𝛼𝐴𝐴𝑛𝑛 cos 𝛼𝛼𝐴𝐴𝑛𝑛 0
0 0 1

]            (1) 

 

𝑹𝑹𝑮𝑮→𝑩𝑩
𝒏𝒏 (𝛼𝛼𝐴𝐴𝑛𝑛, 𝛼𝛼𝐷𝐷𝑛𝑛) = [

cos 𝛼𝛼𝐷𝐷𝑛𝑛 cos 𝛼𝛼𝐴𝐴𝑛𝑛 cos 𝛼𝛼𝐷𝐷 sin 𝛼𝛼𝐴𝐴𝑛𝑛 − sin 𝛼𝛼𝐷𝐷𝑛𝑛
−sin 𝛼𝛼𝐴𝐴𝑛𝑛 cos 𝛼𝛼𝐴𝐴𝑛𝑛 0

sin 𝛼𝛼𝐷𝐷𝑛𝑛 cos 𝛼𝛼𝐴𝐴𝑛𝑛 sin 𝛼𝛼𝐷𝐷𝑛𝑛 sin 𝛼𝛼𝐴𝐴𝑛𝑛 cos 𝛼𝛼𝐷𝐷𝑛𝑛
]             (2) 

 

𝑦𝑦𝐺𝐺𝑛𝑛 

𝑧𝑧𝐺𝐺𝑛𝑛 

𝛼𝛼𝑦𝑦𝐵𝐵𝑛𝑛  

𝑦𝑦𝐵𝐵𝑛𝑛 

 

𝑹𝑹(𝛼𝛼𝑦𝑦𝐵𝐵𝑚𝑚 ) = [
cos𝛼𝛼𝑦𝑦𝐵𝐵𝑚𝑚 0 − sin 𝛼𝛼𝑦𝑦𝐵𝐵𝑚𝑚

0 1 0
sin 𝛼𝛼𝑦𝑦𝐵𝐵𝑚𝑚 0 cos𝛼𝛼𝑦𝑦𝐵𝐵𝑚𝑚

]               (3) 

 

𝛼𝛼𝑦𝑦𝐵𝐵1 = 𝜋𝜋 2⁄  

 

𝑹𝑹𝑩𝑩→𝑷𝑷
𝟏𝟏 (𝛼𝛼𝑦𝑦𝐵𝐵1 = 𝜋𝜋

2) = [
0 0 −1
0 1 0
1 0 0

]              (4) 

 
 
𝑦𝑦𝐵𝐵𝑛𝑛 

𝛼𝛼𝑧𝑧𝐵𝐵𝑛𝑛  

). At 
each MD along the deviated wellbore, we add a series of 
the global coordinate system, 

 

 

 
  

Saudi Aramco: Company General Use 

 

𝑥𝑥𝐺𝐺0𝑦𝑦𝐺𝐺0𝑧𝑧𝐺𝐺0, 

𝛼𝛼𝐷𝐷𝑛𝑛 

𝛼𝛼𝐴𝐴𝑛𝑛 

𝑥𝑥𝐺𝐺𝑛𝑛𝑦𝑦𝐺𝐺𝑛𝑛𝑧𝑧𝐺𝐺𝑛𝑛 

𝑥𝑥𝐵𝐵𝑛𝑛𝑦𝑦𝐵𝐵𝑛𝑛𝑧𝑧𝐵𝐵𝑛𝑛 

𝑥𝑥𝑃𝑃𝑚𝑚𝑦𝑦𝑃𝑃𝑚𝑚𝑧𝑧𝑃𝑃𝑚𝑚 

 

𝑹𝑹𝑮𝑮→𝑩𝑩
𝒏𝒏 (𝛼𝛼𝐴𝐴𝑛𝑛, 𝛼𝛼𝐷𝐷𝑛𝑛) = 𝑹𝑹𝒚𝒚(𝛼𝛼𝐷𝐷𝑛𝑛)𝑹𝑹𝒛𝒛(𝛼𝛼𝐴𝐴𝑛𝑛) = [

cos 𝛼𝛼𝐷𝐷𝑛𝑛 0 − sin 𝛼𝛼𝐷𝐷𝑛𝑛
0 1 0

sin 𝛼𝛼𝐷𝐷𝑛𝑛 0 cos 𝛼𝛼𝐷𝐷𝑛𝑛
] [−

cos𝛼𝛼𝐴𝐴𝑛𝑛 sin 𝛼𝛼𝐴𝐴𝑛𝑛 0
sin 𝛼𝛼𝐴𝐴𝑛𝑛 cos 𝛼𝛼𝐴𝐴𝑛𝑛 0
0 0 1

]            (1) 

 

𝑹𝑹𝑮𝑮→𝑩𝑩
𝒏𝒏 (𝛼𝛼𝐴𝐴𝑛𝑛, 𝛼𝛼𝐷𝐷𝑛𝑛) = [

cos 𝛼𝛼𝐷𝐷𝑛𝑛 cos 𝛼𝛼𝐴𝐴𝑛𝑛 cos 𝛼𝛼𝐷𝐷 sin 𝛼𝛼𝐴𝐴𝑛𝑛 − sin 𝛼𝛼𝐷𝐷𝑛𝑛
−sin 𝛼𝛼𝐴𝐴𝑛𝑛 cos 𝛼𝛼𝐴𝐴𝑛𝑛 0

sin 𝛼𝛼𝐷𝐷𝑛𝑛 cos 𝛼𝛼𝐴𝐴𝑛𝑛 sin 𝛼𝛼𝐷𝐷𝑛𝑛 sin 𝛼𝛼𝐴𝐴𝑛𝑛 cos 𝛼𝛼𝐷𝐷𝑛𝑛
]             (2) 

 

𝑦𝑦𝐺𝐺𝑛𝑛 

𝑧𝑧𝐺𝐺𝑛𝑛 

𝛼𝛼𝑦𝑦𝐵𝐵𝑛𝑛  

𝑦𝑦𝐵𝐵𝑛𝑛 

 

𝑹𝑹(𝛼𝛼𝑦𝑦𝐵𝐵𝑚𝑚 ) = [
cos𝛼𝛼𝑦𝑦𝐵𝐵𝑚𝑚 0 − sin 𝛼𝛼𝑦𝑦𝐵𝐵𝑚𝑚

0 1 0
sin 𝛼𝛼𝑦𝑦𝐵𝐵𝑚𝑚 0 cos𝛼𝛼𝑦𝑦𝐵𝐵𝑚𝑚

]               (3) 

 

𝛼𝛼𝑦𝑦𝐵𝐵1 = 𝜋𝜋 2⁄  

 

𝑹𝑹𝑩𝑩→𝑷𝑷
𝟏𝟏 (𝛼𝛼𝑦𝑦𝐵𝐵1 = 𝜋𝜋

2) = [
0 0 −1
0 1 0
1 0 0

]              (4) 

 
 
𝑦𝑦𝐵𝐵𝑛𝑛 

𝛼𝛼𝑧𝑧𝐵𝐵𝑛𝑛  

, (translated from 
the first global coordinate system, 
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𝑥𝑥𝐺𝐺0𝑦𝑦𝐺𝐺0𝑧𝑧𝐺𝐺0, 

𝛼𝛼𝐷𝐷𝑛𝑛 

𝛼𝛼𝐴𝐴𝑛𝑛 

𝑥𝑥𝐺𝐺𝑛𝑛𝑦𝑦𝐺𝐺𝑛𝑛𝑧𝑧𝐺𝐺𝑛𝑛 

𝑥𝑥𝐵𝐵𝑛𝑛𝑦𝑦𝐵𝐵𝑛𝑛𝑧𝑧𝐵𝐵𝑛𝑛 

𝑥𝑥𝑃𝑃𝑚𝑚𝑦𝑦𝑃𝑃𝑚𝑚𝑧𝑧𝑃𝑃𝑚𝑚 

 

𝑹𝑹𝑮𝑮→𝑩𝑩
𝒏𝒏 (𝛼𝛼𝐴𝐴𝑛𝑛, 𝛼𝛼𝐷𝐷𝑛𝑛) = 𝑹𝑹𝒚𝒚(𝛼𝛼𝐷𝐷𝑛𝑛)𝑹𝑹𝒛𝒛(𝛼𝛼𝐴𝐴𝑛𝑛) = [

cos 𝛼𝛼𝐷𝐷𝑛𝑛 0 − sin 𝛼𝛼𝐷𝐷𝑛𝑛
0 1 0

sin 𝛼𝛼𝐷𝐷𝑛𝑛 0 cos 𝛼𝛼𝐷𝐷𝑛𝑛
] [−

cos𝛼𝛼𝐴𝐴𝑛𝑛 sin 𝛼𝛼𝐴𝐴𝑛𝑛 0
sin 𝛼𝛼𝐴𝐴𝑛𝑛 cos 𝛼𝛼𝐴𝐴𝑛𝑛 0
0 0 1

]            (1) 

 

𝑹𝑹𝑮𝑮→𝑩𝑩
𝒏𝒏 (𝛼𝛼𝐴𝐴𝑛𝑛, 𝛼𝛼𝐷𝐷𝑛𝑛) = [

cos 𝛼𝛼𝐷𝐷𝑛𝑛 cos 𝛼𝛼𝐴𝐴𝑛𝑛 cos 𝛼𝛼𝐷𝐷 sin 𝛼𝛼𝐴𝐴𝑛𝑛 − sin 𝛼𝛼𝐷𝐷𝑛𝑛
−sin 𝛼𝛼𝐴𝐴𝑛𝑛 cos 𝛼𝛼𝐴𝐴𝑛𝑛 0

sin 𝛼𝛼𝐷𝐷𝑛𝑛 cos 𝛼𝛼𝐴𝐴𝑛𝑛 sin 𝛼𝛼𝐷𝐷𝑛𝑛 sin 𝛼𝛼𝐴𝐴𝑛𝑛 cos 𝛼𝛼𝐷𝐷𝑛𝑛
]             (2) 

 

𝑦𝑦𝐺𝐺𝑛𝑛 

𝑧𝑧𝐺𝐺𝑛𝑛 

𝛼𝛼𝑦𝑦𝐵𝐵𝑛𝑛  

𝑦𝑦𝐵𝐵𝑛𝑛 

 

𝑹𝑹(𝛼𝛼𝑦𝑦𝐵𝐵𝑚𝑚 ) = [
cos𝛼𝛼𝑦𝑦𝐵𝐵𝑚𝑚 0 − sin 𝛼𝛼𝑦𝑦𝐵𝐵𝑚𝑚

0 1 0
sin 𝛼𝛼𝑦𝑦𝐵𝐵𝑚𝑚 0 cos𝛼𝛼𝑦𝑦𝐵𝐵𝑚𝑚

]               (3) 

 

𝛼𝛼𝑦𝑦𝐵𝐵1 = 𝜋𝜋 2⁄  

 

𝑹𝑹𝑩𝑩→𝑷𝑷
𝟏𝟏 (𝛼𝛼𝑦𝑦𝐵𝐵1 = 𝜋𝜋

2) = [
0 0 −1
0 1 0
1 0 0

]              (4) 

 
 
𝑦𝑦𝐵𝐵𝑛𝑛 

𝛼𝛼𝑧𝑧𝐵𝐵𝑛𝑛  

 but without 
any rotations), wellbore coordinate system, 
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𝑥𝑥𝐺𝐺0𝑦𝑦𝐺𝐺0𝑧𝑧𝐺𝐺0, 

𝛼𝛼𝐷𝐷𝑛𝑛 

𝛼𝛼𝐴𝐴𝑛𝑛 

𝑥𝑥𝐺𝐺𝑛𝑛𝑦𝑦𝐺𝐺𝑛𝑛𝑧𝑧𝐺𝐺𝑛𝑛 

𝑥𝑥𝐵𝐵𝑛𝑛𝑦𝑦𝐵𝐵𝑛𝑛𝑧𝑧𝐵𝐵𝑛𝑛 

𝑥𝑥𝑃𝑃𝑚𝑚𝑦𝑦𝑃𝑃𝑚𝑚𝑧𝑧𝑃𝑃𝑚𝑚 

 

𝑹𝑹𝑮𝑮→𝑩𝑩
𝒏𝒏 (𝛼𝛼𝐴𝐴𝑛𝑛, 𝛼𝛼𝐷𝐷𝑛𝑛) = 𝑹𝑹𝒚𝒚(𝛼𝛼𝐷𝐷𝑛𝑛)𝑹𝑹𝒛𝒛(𝛼𝛼𝐴𝐴𝑛𝑛) = [

cos 𝛼𝛼𝐷𝐷𝑛𝑛 0 − sin 𝛼𝛼𝐷𝐷𝑛𝑛
0 1 0

sin 𝛼𝛼𝐷𝐷𝑛𝑛 0 cos 𝛼𝛼𝐷𝐷𝑛𝑛
] [−

cos𝛼𝛼𝐴𝐴𝑛𝑛 sin 𝛼𝛼𝐴𝐴𝑛𝑛 0
sin 𝛼𝛼𝐴𝐴𝑛𝑛 cos 𝛼𝛼𝐴𝐴𝑛𝑛 0
0 0 1

]            (1) 

 

𝑹𝑹𝑮𝑮→𝑩𝑩
𝒏𝒏 (𝛼𝛼𝐴𝐴𝑛𝑛, 𝛼𝛼𝐷𝐷𝑛𝑛) = [

cos 𝛼𝛼𝐷𝐷𝑛𝑛 cos 𝛼𝛼𝐴𝐴𝑛𝑛 cos 𝛼𝛼𝐷𝐷 sin 𝛼𝛼𝐴𝐴𝑛𝑛 − sin 𝛼𝛼𝐷𝐷𝑛𝑛
−sin 𝛼𝛼𝐴𝐴𝑛𝑛 cos 𝛼𝛼𝐴𝐴𝑛𝑛 0

sin 𝛼𝛼𝐷𝐷𝑛𝑛 cos 𝛼𝛼𝐴𝐴𝑛𝑛 sin 𝛼𝛼𝐷𝐷𝑛𝑛 sin 𝛼𝛼𝐴𝐴𝑛𝑛 cos 𝛼𝛼𝐷𝐷𝑛𝑛
]             (2) 

 

𝑦𝑦𝐺𝐺𝑛𝑛 

𝑧𝑧𝐺𝐺𝑛𝑛 

𝛼𝛼𝑦𝑦𝐵𝐵𝑛𝑛  

𝑦𝑦𝐵𝐵𝑛𝑛 

 

𝑹𝑹(𝛼𝛼𝑦𝑦𝐵𝐵𝑚𝑚 ) = [
cos𝛼𝛼𝑦𝑦𝐵𝐵𝑚𝑚 0 − sin 𝛼𝛼𝑦𝑦𝐵𝐵𝑚𝑚

0 1 0
sin 𝛼𝛼𝑦𝑦𝐵𝐵𝑚𝑚 0 cos𝛼𝛼𝑦𝑦𝐵𝐵𝑚𝑚

]               (3) 

 

𝛼𝛼𝑦𝑦𝐵𝐵1 = 𝜋𝜋 2⁄  

 

𝑹𝑹𝑩𝑩→𝑷𝑷
𝟏𝟏 (𝛼𝛼𝑦𝑦𝐵𝐵1 = 𝜋𝜋

2) = [
0 0 −1
0 1 0
1 0 0

]              (4) 

 
 
𝑦𝑦𝐵𝐵𝑛𝑛 

𝛼𝛼𝑧𝑧𝐵𝐵𝑛𝑛  

, 
established based on the MD, 

 

 

 
  

Saudi Aramco: Company General Use 

 

𝑥𝑥𝐺𝐺0𝑦𝑦𝐺𝐺0𝑧𝑧𝐺𝐺0, 

𝛼𝛼𝐷𝐷𝑛𝑛 

𝛼𝛼𝐴𝐴𝑛𝑛 

𝑥𝑥𝐺𝐺𝑛𝑛𝑦𝑦𝐺𝐺𝑛𝑛𝑧𝑧𝐺𝐺𝑛𝑛 

𝑥𝑥𝐵𝐵𝑛𝑛𝑦𝑦𝐵𝐵𝑛𝑛𝑧𝑧𝐵𝐵𝑛𝑛 

𝑥𝑥𝑃𝑃𝑚𝑚𝑦𝑦𝑃𝑃𝑚𝑚𝑧𝑧𝑃𝑃𝑚𝑚 

 

𝑹𝑹𝑮𝑮→𝑩𝑩
𝒏𝒏 (𝛼𝛼𝐴𝐴𝑛𝑛, 𝛼𝛼𝐷𝐷𝑛𝑛) = 𝑹𝑹𝒚𝒚(𝛼𝛼𝐷𝐷𝑛𝑛)𝑹𝑹𝒛𝒛(𝛼𝛼𝐴𝐴𝑛𝑛) = [

cos 𝛼𝛼𝐷𝐷𝑛𝑛 0 − sin 𝛼𝛼𝐷𝐷𝑛𝑛
0 1 0

sin 𝛼𝛼𝐷𝐷𝑛𝑛 0 cos 𝛼𝛼𝐷𝐷𝑛𝑛
] [−

cos𝛼𝛼𝐴𝐴𝑛𝑛 sin 𝛼𝛼𝐴𝐴𝑛𝑛 0
sin 𝛼𝛼𝐴𝐴𝑛𝑛 cos 𝛼𝛼𝐴𝐴𝑛𝑛 0
0 0 1

]            (1) 

 

𝑹𝑹𝑮𝑮→𝑩𝑩
𝒏𝒏 (𝛼𝛼𝐴𝐴𝑛𝑛, 𝛼𝛼𝐷𝐷𝑛𝑛) = [

cos 𝛼𝛼𝐷𝐷𝑛𝑛 cos 𝛼𝛼𝐴𝐴𝑛𝑛 cos 𝛼𝛼𝐷𝐷 sin 𝛼𝛼𝐴𝐴𝑛𝑛 − sin 𝛼𝛼𝐷𝐷𝑛𝑛
−sin 𝛼𝛼𝐴𝐴𝑛𝑛 cos 𝛼𝛼𝐴𝐴𝑛𝑛 0

sin 𝛼𝛼𝐷𝐷𝑛𝑛 cos 𝛼𝛼𝐴𝐴𝑛𝑛 sin 𝛼𝛼𝐷𝐷𝑛𝑛 sin 𝛼𝛼𝐴𝐴𝑛𝑛 cos 𝛼𝛼𝐷𝐷𝑛𝑛
]             (2) 

 

𝑦𝑦𝐺𝐺𝑛𝑛 

𝑧𝑧𝐺𝐺𝑛𝑛 

𝛼𝛼𝑦𝑦𝐵𝐵𝑛𝑛  

𝑦𝑦𝐵𝐵𝑛𝑛 

 

𝑹𝑹(𝛼𝛼𝑦𝑦𝐵𝐵𝑚𝑚 ) = [
cos𝛼𝛼𝑦𝑦𝐵𝐵𝑚𝑚 0 − sin 𝛼𝛼𝑦𝑦𝐵𝐵𝑚𝑚

0 1 0
sin 𝛼𝛼𝑦𝑦𝐵𝐵𝑚𝑚 0 cos𝛼𝛼𝑦𝑦𝐵𝐵𝑚𝑚

]               (3) 

 

𝛼𝛼𝑦𝑦𝐵𝐵1 = 𝜋𝜋 2⁄  

 

𝑹𝑹𝑩𝑩→𝑷𝑷
𝟏𝟏 (𝛼𝛼𝑦𝑦𝐵𝐵1 = 𝜋𝜋

2) = [
0 0 −1
0 1 0
1 0 0

]              (4) 

 
 
𝑦𝑦𝐵𝐵𝑛𝑛 

𝛼𝛼𝑧𝑧𝐵𝐵𝑛𝑛  

, 

 

 

 
  

Saudi Aramco: Company General Use 

 

𝑥𝑥𝐺𝐺0𝑦𝑦𝐺𝐺0𝑧𝑧𝐺𝐺0, 

𝛼𝛼𝐷𝐷𝑛𝑛 

𝛼𝛼𝐴𝐴𝑛𝑛 

𝑥𝑥𝐺𝐺𝑛𝑛𝑦𝑦𝐺𝐺𝑛𝑛𝑧𝑧𝐺𝐺𝑛𝑛 

𝑥𝑥𝐵𝐵𝑛𝑛𝑦𝑦𝐵𝐵𝑛𝑛𝑧𝑧𝐵𝐵𝑛𝑛 

𝑥𝑥𝑃𝑃𝑚𝑚𝑦𝑦𝑃𝑃𝑚𝑚𝑧𝑧𝑃𝑃𝑚𝑚 

 

𝑹𝑹𝑮𝑮→𝑩𝑩
𝒏𝒏 (𝛼𝛼𝐴𝐴𝑛𝑛, 𝛼𝛼𝐷𝐷𝑛𝑛) = 𝑹𝑹𝒚𝒚(𝛼𝛼𝐷𝐷𝑛𝑛)𝑹𝑹𝒛𝒛(𝛼𝛼𝐴𝐴𝑛𝑛) = [

cos 𝛼𝛼𝐷𝐷𝑛𝑛 0 − sin 𝛼𝛼𝐷𝐷𝑛𝑛
0 1 0

sin 𝛼𝛼𝐷𝐷𝑛𝑛 0 cos 𝛼𝛼𝐷𝐷𝑛𝑛
] [−

cos𝛼𝛼𝐴𝐴𝑛𝑛 sin 𝛼𝛼𝐴𝐴𝑛𝑛 0
sin 𝛼𝛼𝐴𝐴𝑛𝑛 cos 𝛼𝛼𝐴𝐴𝑛𝑛 0
0 0 1

]            (1) 

 

𝑹𝑹𝑮𝑮→𝑩𝑩
𝒏𝒏 (𝛼𝛼𝐴𝐴𝑛𝑛, 𝛼𝛼𝐷𝐷𝑛𝑛) = [

cos 𝛼𝛼𝐷𝐷𝑛𝑛 cos 𝛼𝛼𝐴𝐴𝑛𝑛 cos 𝛼𝛼𝐷𝐷 sin 𝛼𝛼𝐴𝐴𝑛𝑛 − sin 𝛼𝛼𝐷𝐷𝑛𝑛
−sin 𝛼𝛼𝐴𝐴𝑛𝑛 cos 𝛼𝛼𝐴𝐴𝑛𝑛 0

sin 𝛼𝛼𝐷𝐷𝑛𝑛 cos 𝛼𝛼𝐴𝐴𝑛𝑛 sin 𝛼𝛼𝐷𝐷𝑛𝑛 sin 𝛼𝛼𝐴𝐴𝑛𝑛 cos 𝛼𝛼𝐷𝐷𝑛𝑛
]             (2) 

 

𝑦𝑦𝐺𝐺𝑛𝑛 

𝑧𝑧𝐺𝐺𝑛𝑛 

𝛼𝛼𝑦𝑦𝐵𝐵𝑛𝑛  

𝑦𝑦𝐵𝐵𝑛𝑛 

 

𝑹𝑹(𝛼𝛼𝑦𝑦𝐵𝐵𝑚𝑚 ) = [
cos𝛼𝛼𝑦𝑦𝐵𝐵𝑚𝑚 0 − sin 𝛼𝛼𝑦𝑦𝐵𝐵𝑚𝑚

0 1 0
sin 𝛼𝛼𝑦𝑦𝐵𝐵𝑚𝑚 0 cos𝛼𝛼𝑦𝑦𝐵𝐵𝑚𝑚

]               (3) 

 

𝛼𝛼𝑦𝑦𝐵𝐵1 = 𝜋𝜋 2⁄  

 

𝑹𝑹𝑩𝑩→𝑷𝑷
𝟏𝟏 (𝛼𝛼𝑦𝑦𝐵𝐵1 = 𝜋𝜋

2) = [
0 0 −1
0 1 0
1 0 0

]              (4) 

 
 
𝑦𝑦𝐵𝐵𝑛𝑛 

𝛼𝛼𝑧𝑧𝐵𝐵𝑛𝑛  

, and perforation 
coordinate system, 
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𝑥𝑥𝐺𝐺0𝑦𝑦𝐺𝐺0𝑧𝑧𝐺𝐺0, 

𝛼𝛼𝐷𝐷𝑛𝑛 

𝛼𝛼𝐴𝐴𝑛𝑛 

𝑥𝑥𝐺𝐺𝑛𝑛𝑦𝑦𝐺𝐺𝑛𝑛𝑧𝑧𝐺𝐺𝑛𝑛 

𝑥𝑥𝐵𝐵𝑛𝑛𝑦𝑦𝐵𝐵𝑛𝑛𝑧𝑧𝐵𝐵𝑛𝑛 

𝑥𝑥𝑃𝑃𝑚𝑚𝑦𝑦𝑃𝑃𝑚𝑚𝑧𝑧𝑃𝑃𝑚𝑚 

 

𝑹𝑹𝑮𝑮→𝑩𝑩
𝒏𝒏 (𝛼𝛼𝐴𝐴𝑛𝑛, 𝛼𝛼𝐷𝐷𝑛𝑛) = 𝑹𝑹𝒚𝒚(𝛼𝛼𝐷𝐷𝑛𝑛)𝑹𝑹𝒛𝒛(𝛼𝛼𝐴𝐴𝑛𝑛) = [

cos 𝛼𝛼𝐷𝐷𝑛𝑛 0 − sin 𝛼𝛼𝐷𝐷𝑛𝑛
0 1 0

sin 𝛼𝛼𝐷𝐷𝑛𝑛 0 cos 𝛼𝛼𝐷𝐷𝑛𝑛
] [−

cos𝛼𝛼𝐴𝐴𝑛𝑛 sin 𝛼𝛼𝐴𝐴𝑛𝑛 0
sin 𝛼𝛼𝐴𝐴𝑛𝑛 cos 𝛼𝛼𝐴𝐴𝑛𝑛 0
0 0 1

]            (1) 

 

𝑹𝑹𝑮𝑮→𝑩𝑩
𝒏𝒏 (𝛼𝛼𝐴𝐴𝑛𝑛, 𝛼𝛼𝐷𝐷𝑛𝑛) = [

cos 𝛼𝛼𝐷𝐷𝑛𝑛 cos 𝛼𝛼𝐴𝐴𝑛𝑛 cos 𝛼𝛼𝐷𝐷 sin 𝛼𝛼𝐴𝐴𝑛𝑛 − sin 𝛼𝛼𝐷𝐷𝑛𝑛
−sin 𝛼𝛼𝐴𝐴𝑛𝑛 cos 𝛼𝛼𝐴𝐴𝑛𝑛 0

sin 𝛼𝛼𝐷𝐷𝑛𝑛 cos 𝛼𝛼𝐴𝐴𝑛𝑛 sin 𝛼𝛼𝐷𝐷𝑛𝑛 sin 𝛼𝛼𝐴𝐴𝑛𝑛 cos 𝛼𝛼𝐷𝐷𝑛𝑛
]             (2) 

 

𝑦𝑦𝐺𝐺𝑛𝑛 

𝑧𝑧𝐺𝐺𝑛𝑛 

𝛼𝛼𝑦𝑦𝐵𝐵𝑛𝑛  

𝑦𝑦𝐵𝐵𝑛𝑛 

 

𝑹𝑹(𝛼𝛼𝑦𝑦𝐵𝐵𝑚𝑚 ) = [
cos𝛼𝛼𝑦𝑦𝐵𝐵𝑚𝑚 0 − sin 𝛼𝛼𝑦𝑦𝐵𝐵𝑚𝑚

0 1 0
sin 𝛼𝛼𝑦𝑦𝐵𝐵𝑚𝑚 0 cos𝛼𝛼𝑦𝑦𝐵𝐵𝑚𝑚

]               (3) 

 

𝛼𝛼𝑦𝑦𝐵𝐵1 = 𝜋𝜋 2⁄  

 

𝑹𝑹𝑩𝑩→𝑷𝑷
𝟏𝟏 (𝛼𝛼𝑦𝑦𝐵𝐵1 = 𝜋𝜋

2) = [
0 0 −1
0 1 0
1 0 0

]              (4) 

 
 
𝑦𝑦𝐵𝐵𝑛𝑛 

𝛼𝛼𝑧𝑧𝐵𝐵𝑛𝑛  

, considering the perfo-
ration phase angle. The wellbore coordinate system at 
any point along the well trajectory can be tracked and 
obtained by the following rotations about the global 
coordinate system, xGyG zG, particularly following two 
steps: (1) rotation of deviation, 
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𝑥𝑥𝐺𝐺0𝑦𝑦𝐺𝐺0𝑧𝑧𝐺𝐺0, 

𝛼𝛼𝐷𝐷𝑛𝑛 

𝛼𝛼𝐴𝐴𝑛𝑛 

𝑥𝑥𝐺𝐺𝑛𝑛𝑦𝑦𝐺𝐺𝑛𝑛𝑧𝑧𝐺𝐺𝑛𝑛 

𝑥𝑥𝐵𝐵𝑛𝑛𝑦𝑦𝐵𝐵𝑛𝑛𝑧𝑧𝐵𝐵𝑛𝑛 

𝑥𝑥𝑃𝑃𝑚𝑚𝑦𝑦𝑃𝑃𝑚𝑚𝑧𝑧𝑃𝑃𝑚𝑚 

 

𝑹𝑹𝑮𝑮→𝑩𝑩
𝒏𝒏 (𝛼𝛼𝐴𝐴𝑛𝑛, 𝛼𝛼𝐷𝐷𝑛𝑛) = 𝑹𝑹𝒚𝒚(𝛼𝛼𝐷𝐷𝑛𝑛)𝑹𝑹𝒛𝒛(𝛼𝛼𝐴𝐴𝑛𝑛) = [

cos 𝛼𝛼𝐷𝐷𝑛𝑛 0 − sin 𝛼𝛼𝐷𝐷𝑛𝑛
0 1 0

sin 𝛼𝛼𝐷𝐷𝑛𝑛 0 cos 𝛼𝛼𝐷𝐷𝑛𝑛
] [−

cos𝛼𝛼𝐴𝐴𝑛𝑛 sin 𝛼𝛼𝐴𝐴𝑛𝑛 0
sin 𝛼𝛼𝐴𝐴𝑛𝑛 cos 𝛼𝛼𝐴𝐴𝑛𝑛 0
0 0 1

]            (1) 

 

𝑹𝑹𝑮𝑮→𝑩𝑩
𝒏𝒏 (𝛼𝛼𝐴𝐴𝑛𝑛, 𝛼𝛼𝐷𝐷𝑛𝑛) = [

cos 𝛼𝛼𝐷𝐷𝑛𝑛 cos 𝛼𝛼𝐴𝐴𝑛𝑛 cos 𝛼𝛼𝐷𝐷 sin 𝛼𝛼𝐴𝐴𝑛𝑛 − sin 𝛼𝛼𝐷𝐷𝑛𝑛
−sin 𝛼𝛼𝐴𝐴𝑛𝑛 cos 𝛼𝛼𝐴𝐴𝑛𝑛 0

sin 𝛼𝛼𝐷𝐷𝑛𝑛 cos 𝛼𝛼𝐴𝐴𝑛𝑛 sin 𝛼𝛼𝐷𝐷𝑛𝑛 sin 𝛼𝛼𝐴𝐴𝑛𝑛 cos 𝛼𝛼𝐷𝐷𝑛𝑛
]             (2) 

 

𝑦𝑦𝐺𝐺𝑛𝑛 

𝑧𝑧𝐺𝐺𝑛𝑛 

𝛼𝛼𝑦𝑦𝐵𝐵𝑛𝑛  

𝑦𝑦𝐵𝐵𝑛𝑛 

 

𝑹𝑹(𝛼𝛼𝑦𝑦𝐵𝐵𝑚𝑚 ) = [
cos𝛼𝛼𝑦𝑦𝐵𝐵𝑚𝑚 0 − sin 𝛼𝛼𝑦𝑦𝐵𝐵𝑚𝑚

0 1 0
sin 𝛼𝛼𝑦𝑦𝐵𝐵𝑚𝑚 0 cos𝛼𝛼𝑦𝑦𝐵𝐵𝑚𝑚

]               (3) 

 

𝛼𝛼𝑦𝑦𝐵𝐵1 = 𝜋𝜋 2⁄  

 

𝑹𝑹𝑩𝑩→𝑷𝑷
𝟏𝟏 (𝛼𝛼𝑦𝑦𝐵𝐵1 = 𝜋𝜋

2) = [
0 0 −1
0 1 0
1 0 0

]              (4) 

 
 
𝑦𝑦𝐵𝐵𝑛𝑛 

𝛼𝛼𝑧𝑧𝐵𝐵𝑛𝑛  

D, about the yG -axis, 

and (2) rotation of the azimuth, 
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𝑥𝑥𝐺𝐺0𝑦𝑦𝐺𝐺0𝑧𝑧𝐺𝐺0, 

𝛼𝛼𝐷𝐷𝑛𝑛 

𝛼𝛼𝐴𝐴𝑛𝑛 

𝑥𝑥𝐺𝐺𝑛𝑛𝑦𝑦𝐺𝐺𝑛𝑛𝑧𝑧𝐺𝐺𝑛𝑛 

𝑥𝑥𝐵𝐵𝑛𝑛𝑦𝑦𝐵𝐵𝑛𝑛𝑧𝑧𝐵𝐵𝑛𝑛 

𝑥𝑥𝑃𝑃𝑚𝑚𝑦𝑦𝑃𝑃𝑚𝑚𝑧𝑧𝑃𝑃𝑚𝑚 

 

𝑹𝑹𝑮𝑮→𝑩𝑩
𝒏𝒏 (𝛼𝛼𝐴𝐴𝑛𝑛, 𝛼𝛼𝐷𝐷𝑛𝑛) = 𝑹𝑹𝒚𝒚(𝛼𝛼𝐷𝐷𝑛𝑛)𝑹𝑹𝒛𝒛(𝛼𝛼𝐴𝐴𝑛𝑛) = [

cos 𝛼𝛼𝐷𝐷𝑛𝑛 0 − sin 𝛼𝛼𝐷𝐷𝑛𝑛
0 1 0

sin 𝛼𝛼𝐷𝐷𝑛𝑛 0 cos 𝛼𝛼𝐷𝐷𝑛𝑛
] [−

cos𝛼𝛼𝐴𝐴𝑛𝑛 sin 𝛼𝛼𝐴𝐴𝑛𝑛 0
sin 𝛼𝛼𝐴𝐴𝑛𝑛 cos 𝛼𝛼𝐴𝐴𝑛𝑛 0
0 0 1

]            (1) 

 

𝑹𝑹𝑮𝑮→𝑩𝑩
𝒏𝒏 (𝛼𝛼𝐴𝐴𝑛𝑛, 𝛼𝛼𝐷𝐷𝑛𝑛) = [

cos 𝛼𝛼𝐷𝐷𝑛𝑛 cos 𝛼𝛼𝐴𝐴𝑛𝑛 cos 𝛼𝛼𝐷𝐷 sin 𝛼𝛼𝐴𝐴𝑛𝑛 − sin 𝛼𝛼𝐷𝐷𝑛𝑛
−sin 𝛼𝛼𝐴𝐴𝑛𝑛 cos 𝛼𝛼𝐴𝐴𝑛𝑛 0

sin 𝛼𝛼𝐷𝐷𝑛𝑛 cos 𝛼𝛼𝐴𝐴𝑛𝑛 sin 𝛼𝛼𝐷𝐷𝑛𝑛 sin 𝛼𝛼𝐴𝐴𝑛𝑛 cos 𝛼𝛼𝐷𝐷𝑛𝑛
]             (2) 

 

𝑦𝑦𝐺𝐺𝑛𝑛 

𝑧𝑧𝐺𝐺𝑛𝑛 

𝛼𝛼𝑦𝑦𝐵𝐵𝑛𝑛  

𝑦𝑦𝐵𝐵𝑛𝑛 

 

𝑹𝑹(𝛼𝛼𝑦𝑦𝐵𝐵𝑚𝑚 ) = [
cos𝛼𝛼𝑦𝑦𝐵𝐵𝑚𝑚 0 − sin 𝛼𝛼𝑦𝑦𝐵𝐵𝑚𝑚

0 1 0
sin 𝛼𝛼𝑦𝑦𝐵𝐵𝑚𝑚 0 cos𝛼𝛼𝑦𝑦𝐵𝐵𝑚𝑚

]               (3) 

 

𝛼𝛼𝑦𝑦𝐵𝐵1 = 𝜋𝜋 2⁄  

 

𝑹𝑹𝑩𝑩→𝑷𝑷
𝟏𝟏 (𝛼𝛼𝑦𝑦𝐵𝐵1 = 𝜋𝜋

2) = [
0 0 −1
0 1 0
1 0 0

]              (4) 

 
 
𝑦𝑦𝐵𝐵𝑛𝑛 

𝛼𝛼𝑧𝑧𝐵𝐵𝑛𝑛  

A, about the zG-axis. 
Then the transformation matrix is given by:
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𝑥𝑥𝐺𝐺0𝑦𝑦𝐺𝐺0𝑧𝑧𝐺𝐺0, 

𝛼𝛼𝐷𝐷𝑛𝑛 

𝛼𝛼𝐴𝐴𝑛𝑛 

𝑥𝑥𝐺𝐺𝑛𝑛𝑦𝑦𝐺𝐺𝑛𝑛𝑧𝑧𝐺𝐺𝑛𝑛 

𝑥𝑥𝐵𝐵𝑛𝑛𝑦𝑦𝐵𝐵𝑛𝑛𝑧𝑧𝐵𝐵𝑛𝑛 

𝑥𝑥𝑃𝑃𝑚𝑚𝑦𝑦𝑃𝑃𝑚𝑚𝑧𝑧𝑃𝑃𝑚𝑚 

 

𝑹𝑹𝑮𝑮→𝑩𝑩
𝒏𝒏 (𝛼𝛼𝐴𝐴𝑛𝑛, 𝛼𝛼𝐷𝐷𝑛𝑛) = 𝑹𝑹𝒚𝒚(𝛼𝛼𝐷𝐷𝑛𝑛)𝑹𝑹𝒛𝒛(𝛼𝛼𝐴𝐴𝑛𝑛) = [

cos 𝛼𝛼𝐷𝐷𝑛𝑛 0 − sin 𝛼𝛼𝐷𝐷𝑛𝑛
0 1 0

sin 𝛼𝛼𝐷𝐷𝑛𝑛 0 cos 𝛼𝛼𝐷𝐷𝑛𝑛
] [−

cos𝛼𝛼𝐴𝐴𝑛𝑛 sin 𝛼𝛼𝐴𝐴𝑛𝑛 0
sin 𝛼𝛼𝐴𝐴𝑛𝑛 cos 𝛼𝛼𝐴𝐴𝑛𝑛 0
0 0 1

]            (1) 

 

𝑹𝑹𝑮𝑮→𝑩𝑩
𝒏𝒏 (𝛼𝛼𝐴𝐴𝑛𝑛, 𝛼𝛼𝐷𝐷𝑛𝑛) = [

cos 𝛼𝛼𝐷𝐷𝑛𝑛 cos 𝛼𝛼𝐴𝐴𝑛𝑛 cos 𝛼𝛼𝐷𝐷 sin 𝛼𝛼𝐴𝐴𝑛𝑛 − sin 𝛼𝛼𝐷𝐷𝑛𝑛
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and leads to the following:
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cos𝛼𝛼𝐴𝐴𝑛𝑛 sin 𝛼𝛼𝐴𝐴𝑛𝑛 0
sin 𝛼𝛼𝐴𝐴𝑛𝑛 cos 𝛼𝛼𝐴𝐴𝑛𝑛 0
0 0 1
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𝑹𝑹𝑮𝑮→𝑩𝑩
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0 1 0
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]               (3) 

 

𝛼𝛼𝑦𝑦𝐵𝐵1 = 𝜋𝜋 2⁄  

 

𝑹𝑹𝑩𝑩→𝑷𝑷
𝟏𝟏 (𝛼𝛼𝑦𝑦𝐵𝐵1 = 𝜋𝜋

2) = [
0 0 −1
0 1 0
1 0 0

]              (4) 
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0 1 0
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𝑹𝑹𝑩𝑩→𝑷𝑷
𝟏𝟏 (𝛼𝛼𝑦𝑦𝐵𝐵1 = 𝜋𝜋

2) = [
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1 0 0

]              (4) 

 
 
𝑦𝑦𝐵𝐵𝑛𝑛 
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Also, note that the point of P1 is always at the highest 
point of the wellbore cross section and will not change 
even following rotations of the 
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]              (4) 

 
 
𝑦𝑦𝐵𝐵𝑛𝑛 

𝛼𝛼𝑧𝑧𝐵𝐵𝑛𝑛  

-axis of the wellbore coordinate system, as follows:

 

 

 
  

Saudi Aramco: Company General Use 

 

𝑥𝑥𝐺𝐺0𝑦𝑦𝐺𝐺0𝑧𝑧𝐺𝐺0, 

𝛼𝛼𝐷𝐷𝑛𝑛 

𝛼𝛼𝐴𝐴𝑛𝑛 
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𝑹𝑹𝑮𝑮→𝑩𝑩
𝒏𝒏 (𝛼𝛼𝐴𝐴𝑛𝑛, 𝛼𝛼𝐷𝐷𝑛𝑛) = 𝑹𝑹𝒚𝒚(𝛼𝛼𝐷𝐷𝑛𝑛)𝑹𝑹𝒛𝒛(𝛼𝛼𝐴𝐴𝑛𝑛) = [

cos 𝛼𝛼𝐷𝐷𝑛𝑛 0 − sin 𝛼𝛼𝐷𝐷𝑛𝑛
0 1 0

sin 𝛼𝛼𝐷𝐷𝑛𝑛 0 cos 𝛼𝛼𝐷𝐷𝑛𝑛
] [−

cos𝛼𝛼𝐴𝐴𝑛𝑛 sin 𝛼𝛼𝐴𝐴𝑛𝑛 0
sin 𝛼𝛼𝐴𝐴𝑛𝑛 cos 𝛼𝛼𝐴𝐴𝑛𝑛 0
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2) = [
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]              (4) 
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Rotating the y-axis of the wellbore coordinate system 
at any point by 
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𝑹𝑹𝑮𝑮→𝑩𝑩
𝒏𝒏 (𝛼𝛼𝐴𝐴𝑛𝑛, 𝛼𝛼𝐷𝐷𝑛𝑛) = 𝑹𝑹𝒚𝒚(𝛼𝛼𝐷𝐷𝑛𝑛)𝑹𝑹𝒛𝒛(𝛼𝛼𝐴𝐴𝑛𝑛) = [

cos 𝛼𝛼𝐷𝐷𝑛𝑛 0 − sin 𝛼𝛼𝐷𝐷𝑛𝑛
0 1 0

sin 𝛼𝛼𝐷𝐷𝑛𝑛 0 cos 𝛼𝛼𝐷𝐷𝑛𝑛
] [−

cos𝛼𝛼𝐴𝐴𝑛𝑛 sin 𝛼𝛼𝐴𝐴𝑛𝑛 0
sin 𝛼𝛼𝐴𝐴𝑛𝑛 cos 𝛼𝛼𝐴𝐴𝑛𝑛 0
0 0 1
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𝒏𝒏 (𝛼𝛼𝐴𝐴𝑛𝑛, 𝛼𝛼𝐷𝐷𝑛𝑛) = [

cos 𝛼𝛼𝐷𝐷𝑛𝑛 cos 𝛼𝛼𝐴𝐴𝑛𝑛 cos 𝛼𝛼𝐷𝐷 sin 𝛼𝛼𝐴𝐴𝑛𝑛 − sin 𝛼𝛼𝐷𝐷𝑛𝑛
−sin 𝛼𝛼𝐴𝐴𝑛𝑛 cos 𝛼𝛼𝐴𝐴𝑛𝑛 0
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]               (3) 
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𝑹𝑹𝑩𝑩→𝑷𝑷
𝟏𝟏 (𝛼𝛼𝑦𝑦𝐵𝐵1 = 𝜋𝜋

2) = [
0 0 −1
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]              (4) 
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𝛼𝛼𝑧𝑧𝐵𝐵𝑛𝑛  

, we have the first perfora-
tion coordinate system and the corresponding rotation 

Fig. 3  The coordinate systems used for transforming in situ stresses from the global coordinate system to the perforation coordinate system.
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𝛼𝛼𝐴𝐴𝑛𝑛 
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𝑹𝑹𝑮𝑮→𝑩𝑩
𝒏𝒏 (𝛼𝛼𝐴𝐴𝑛𝑛, 𝛼𝛼𝐷𝐷𝑛𝑛) = 𝑹𝑹𝒚𝒚(𝛼𝛼𝐷𝐷𝑛𝑛)𝑹𝑹𝒛𝒛(𝛼𝛼𝐴𝐴𝑛𝑛) = [

cos 𝛼𝛼𝐷𝐷𝑛𝑛 0 − sin 𝛼𝛼𝐷𝐷𝑛𝑛
0 1 0

sin 𝛼𝛼𝐷𝐷𝑛𝑛 0 cos 𝛼𝛼𝐷𝐷𝑛𝑛
] [−

cos𝛼𝛼𝐴𝐴𝑛𝑛 sin 𝛼𝛼𝐴𝐴𝑛𝑛 0
sin 𝛼𝛼𝐴𝐴𝑛𝑛 cos 𝛼𝛼𝐴𝐴𝑛𝑛 0
0 0 1

]            (1) 

 

𝑹𝑹𝑮𝑮→𝑩𝑩
𝒏𝒏 (𝛼𝛼𝐴𝐴𝑛𝑛, 𝛼𝛼𝐷𝐷𝑛𝑛) = [

cos 𝛼𝛼𝐷𝐷𝑛𝑛 cos 𝛼𝛼𝐴𝐴𝑛𝑛 cos 𝛼𝛼𝐷𝐷 sin 𝛼𝛼𝐴𝐴𝑛𝑛 − sin 𝛼𝛼𝐷𝐷𝑛𝑛
−sin 𝛼𝛼𝐴𝐴𝑛𝑛 cos 𝛼𝛼𝐴𝐴𝑛𝑛 0

sin 𝛼𝛼𝐷𝐷𝑛𝑛 cos 𝛼𝛼𝐴𝐴𝑛𝑛 sin 𝛼𝛼𝐷𝐷𝑛𝑛 sin 𝛼𝛼𝐴𝐴𝑛𝑛 cos 𝛼𝛼𝐷𝐷𝑛𝑛
]             (2) 

 

𝑦𝑦𝐺𝐺𝑛𝑛 

𝑧𝑧𝐺𝐺𝑛𝑛 

𝛼𝛼𝑦𝑦𝐵𝐵𝑛𝑛  

𝑦𝑦𝐵𝐵𝑛𝑛 

 

𝑹𝑹(𝛼𝛼𝑦𝑦𝐵𝐵𝑚𝑚 ) = [
cos𝛼𝛼𝑦𝑦𝐵𝐵𝑚𝑚 0 − sin 𝛼𝛼𝑦𝑦𝐵𝐵𝑚𝑚

0 1 0
sin 𝛼𝛼𝑦𝑦𝐵𝐵𝑚𝑚 0 cos𝛼𝛼𝑦𝑦𝐵𝐵𝑚𝑚

]               (3) 

 

𝛼𝛼𝑦𝑦𝐵𝐵1 = 𝜋𝜋 2⁄  

 

𝑹𝑹𝑩𝑩→𝑷𝑷
𝟏𝟏 (𝛼𝛼𝑦𝑦𝐵𝐵1 = 𝜋𝜋

2) = [
0 0 −1
0 1 0
1 0 0

]              (4) 
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The coordinate system for different phase angle perfora-
tion can be rotated by two steps: (1) rotating 
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𝑹𝑹𝑮𝑮→𝑩𝑩
𝒏𝒏 (𝛼𝛼𝐴𝐴𝑛𝑛, 𝛼𝛼𝐷𝐷𝑛𝑛) = 𝑹𝑹𝒚𝒚(𝛼𝛼𝐷𝐷𝑛𝑛)𝑹𝑹𝒛𝒛(𝛼𝛼𝐴𝐴𝑛𝑛) = [

cos 𝛼𝛼𝐷𝐷𝑛𝑛 0 − sin 𝛼𝛼𝐷𝐷𝑛𝑛
0 1 0

sin 𝛼𝛼𝐷𝐷𝑛𝑛 0 cos 𝛼𝛼𝐷𝐷𝑛𝑛
] [−

cos𝛼𝛼𝐴𝐴𝑛𝑛 sin 𝛼𝛼𝐴𝐴𝑛𝑛 0
sin 𝛼𝛼𝐴𝐴𝑛𝑛 cos 𝛼𝛼𝐴𝐴𝑛𝑛 0
0 0 1
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𝑹𝑹𝑮𝑮→𝑩𝑩
𝒏𝒏 (𝛼𝛼𝐴𝐴𝑛𝑛, 𝛼𝛼𝐷𝐷𝑛𝑛) = [

cos 𝛼𝛼𝐷𝐷𝑛𝑛 cos 𝛼𝛼𝐴𝐴𝑛𝑛 cos 𝛼𝛼𝐷𝐷 sin 𝛼𝛼𝐴𝐴𝑛𝑛 − sin 𝛼𝛼𝐷𝐷𝑛𝑛
−sin 𝛼𝛼𝐴𝐴𝑛𝑛 cos 𝛼𝛼𝐴𝐴𝑛𝑛 0

sin 𝛼𝛼𝐷𝐷𝑛𝑛 cos 𝛼𝛼𝐴𝐴𝑛𝑛 sin 𝛼𝛼𝐷𝐷𝑛𝑛 sin 𝛼𝛼𝐴𝐴𝑛𝑛 cos 𝛼𝛼𝐷𝐷𝑛𝑛
]             (2) 

 

𝑦𝑦𝐺𝐺𝑛𝑛 

𝑧𝑧𝐺𝐺𝑛𝑛 

𝛼𝛼𝑦𝑦𝐵𝐵𝑛𝑛  

𝑦𝑦𝐵𝐵𝑛𝑛 

 

𝑹𝑹(𝛼𝛼𝑦𝑦𝐵𝐵𝑚𝑚 ) = [
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0 1 0
sin 𝛼𝛼𝑦𝑦𝐵𝐵𝑚𝑚 0 cos𝛼𝛼𝑦𝑦𝐵𝐵𝑚𝑚

]               (3) 

 

𝛼𝛼𝑦𝑦𝐵𝐵1 = 𝜋𝜋 2⁄  

 

𝑹𝑹𝑩𝑩→𝑷𝑷
𝟏𝟏 (𝛼𝛼𝑦𝑦𝐵𝐵1 = 𝜋𝜋

2) = [
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0 1 0
1 0 0

]              (4) 
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sin 𝛼𝛼𝐷𝐷𝑛𝑛 0 cos 𝛼𝛼𝐷𝐷𝑛𝑛
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−sin 𝛼𝛼𝐴𝐴𝑛𝑛 cos 𝛼𝛼𝐴𝐴𝑛𝑛 0

sin 𝛼𝛼𝐷𝐷𝑛𝑛 cos 𝛼𝛼𝐴𝐴𝑛𝑛 sin 𝛼𝛼𝐷𝐷𝑛𝑛 sin 𝛼𝛼𝐴𝐴𝑛𝑛 cos 𝛼𝛼𝐷𝐷𝑛𝑛
]             (2) 

 

𝑦𝑦𝐺𝐺𝑛𝑛 

𝑧𝑧𝐺𝐺𝑛𝑛 

𝛼𝛼𝑦𝑦𝐵𝐵𝑛𝑛  

𝑦𝑦𝐵𝐵𝑛𝑛 

 

𝑹𝑹(𝛼𝛼𝑦𝑦𝐵𝐵𝑚𝑚 ) = [
cos𝛼𝛼𝑦𝑦𝐵𝐵𝑚𝑚 0 − sin 𝛼𝛼𝑦𝑦𝐵𝐵𝑚𝑚

0 1 0
sin 𝛼𝛼𝑦𝑦𝐵𝐵𝑚𝑚 0 cos𝛼𝛼𝑦𝑦𝐵𝐵𝑚𝑚

]               (3) 

 

𝛼𝛼𝑦𝑦𝐵𝐵1 = 𝜋𝜋 2⁄  

 

𝑹𝑹𝑩𝑩→𝑷𝑷
𝟏𝟏 (𝛼𝛼𝑦𝑦𝐵𝐵1 = 𝜋𝜋

2) = [
0 0 −1
0 1 0
1 0 0

]              (4) 

 
 
𝑦𝑦𝐵𝐵𝑛𝑛 

𝛼𝛼𝑧𝑧𝐵𝐵𝑛𝑛  

-axis of the wellbore coordinate system; 
and (2) rotation of the phase angle, 
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𝑥𝑥𝐺𝐺0𝑦𝑦𝐺𝐺0𝑧𝑧𝐺𝐺0, 

𝛼𝛼𝐷𝐷𝑛𝑛 

𝛼𝛼𝐴𝐴𝑛𝑛 

𝑥𝑥𝐺𝐺𝑛𝑛𝑦𝑦𝐺𝐺𝑛𝑛𝑧𝑧𝐺𝐺𝑛𝑛 

𝑥𝑥𝐵𝐵𝑛𝑛𝑦𝑦𝐵𝐵𝑛𝑛𝑧𝑧𝐵𝐵𝑛𝑛 

𝑥𝑥𝑃𝑃𝑚𝑚𝑦𝑦𝑃𝑃𝑚𝑚𝑧𝑧𝑃𝑃𝑚𝑚 

 

𝑹𝑹𝑮𝑮→𝑩𝑩
𝒏𝒏 (𝛼𝛼𝐴𝐴𝑛𝑛, 𝛼𝛼𝐷𝐷𝑛𝑛) = 𝑹𝑹𝒚𝒚(𝛼𝛼𝐷𝐷𝑛𝑛)𝑹𝑹𝒛𝒛(𝛼𝛼𝐴𝐴𝑛𝑛) = [

cos 𝛼𝛼𝐷𝐷𝑛𝑛 0 − sin 𝛼𝛼𝐷𝐷𝑛𝑛
0 1 0

sin 𝛼𝛼𝐷𝐷𝑛𝑛 0 cos 𝛼𝛼𝐷𝐷𝑛𝑛
] [−

cos𝛼𝛼𝐴𝐴𝑛𝑛 sin 𝛼𝛼𝐴𝐴𝑛𝑛 0
sin 𝛼𝛼𝐴𝐴𝑛𝑛 cos 𝛼𝛼𝐴𝐴𝑛𝑛 0
0 0 1

]            (1) 

 

𝑹𝑹𝑮𝑮→𝑩𝑩
𝒏𝒏 (𝛼𝛼𝐴𝐴𝑛𝑛, 𝛼𝛼𝐷𝐷𝑛𝑛) = [

cos 𝛼𝛼𝐷𝐷𝑛𝑛 cos 𝛼𝛼𝐴𝐴𝑛𝑛 cos 𝛼𝛼𝐷𝐷 sin 𝛼𝛼𝐴𝐴𝑛𝑛 − sin 𝛼𝛼𝐷𝐷𝑛𝑛
−sin 𝛼𝛼𝐴𝐴𝑛𝑛 cos 𝛼𝛼𝐴𝐴𝑛𝑛 0

sin 𝛼𝛼𝐷𝐷𝑛𝑛 cos 𝛼𝛼𝐴𝐴𝑛𝑛 sin 𝛼𝛼𝐷𝐷𝑛𝑛 sin 𝛼𝛼𝐴𝐴𝑛𝑛 cos 𝛼𝛼𝐷𝐷𝑛𝑛
]             (2) 

 

𝑦𝑦𝐺𝐺𝑛𝑛 

𝑧𝑧𝐺𝐺𝑛𝑛 

𝛼𝛼𝑦𝑦𝐵𝐵𝑛𝑛  

𝑦𝑦𝐵𝐵𝑛𝑛 

 

𝑹𝑹(𝛼𝛼𝑦𝑦𝐵𝐵𝑚𝑚 ) = [
cos𝛼𝛼𝑦𝑦𝐵𝐵𝑚𝑚 0 − sin 𝛼𝛼𝑦𝑦𝐵𝐵𝑚𝑚

0 1 0
sin 𝛼𝛼𝑦𝑦𝐵𝐵𝑚𝑚 0 cos𝛼𝛼𝑦𝑦𝐵𝐵𝑚𝑚

]               (3) 

 

𝛼𝛼𝑦𝑦𝐵𝐵1 = 𝜋𝜋 2⁄  

 

𝑹𝑹𝑩𝑩→𝑷𝑷
𝟏𝟏 (𝛼𝛼𝑦𝑦𝐵𝐵1 = 𝜋𝜋

2) = [
0 0 −1
0 1 0
1 0 0

]              (4) 

 
 
𝑦𝑦𝐵𝐵𝑛𝑛 

𝛼𝛼𝑧𝑧𝐵𝐵𝑛𝑛  , about the  
-axis of the wellbore coordinate system. For clustered 

perforations with a known perforation phase angle, the 
rotation matrix from 
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𝑥𝑥𝐺𝐺0𝑦𝑦𝐺𝐺0𝑧𝑧𝐺𝐺0, 

𝛼𝛼𝐷𝐷𝑛𝑛 

𝛼𝛼𝐴𝐴𝑛𝑛 

𝑥𝑥𝐺𝐺𝑛𝑛𝑦𝑦𝐺𝐺𝑛𝑛𝑧𝑧𝐺𝐺𝑛𝑛 

𝑥𝑥𝐵𝐵𝑛𝑛𝑦𝑦𝐵𝐵𝑛𝑛𝑧𝑧𝐵𝐵𝑛𝑛 

𝑥𝑥𝑃𝑃𝑚𝑚𝑦𝑦𝑃𝑃𝑚𝑚𝑧𝑧𝑃𝑃𝑚𝑚 

 

𝑹𝑹𝑮𝑮→𝑩𝑩
𝒏𝒏 (𝛼𝛼𝐴𝐴𝑛𝑛, 𝛼𝛼𝐷𝐷𝑛𝑛) = 𝑹𝑹𝒚𝒚(𝛼𝛼𝐷𝐷𝑛𝑛)𝑹𝑹𝒛𝒛(𝛼𝛼𝐴𝐴𝑛𝑛) = [

cos 𝛼𝛼𝐷𝐷𝑛𝑛 0 − sin 𝛼𝛼𝐷𝐷𝑛𝑛
0 1 0

sin 𝛼𝛼𝐷𝐷𝑛𝑛 0 cos 𝛼𝛼𝐷𝐷𝑛𝑛
] [−

cos𝛼𝛼𝐴𝐴𝑛𝑛 sin 𝛼𝛼𝐴𝐴𝑛𝑛 0
sin 𝛼𝛼𝐴𝐴𝑛𝑛 cos 𝛼𝛼𝐴𝐴𝑛𝑛 0
0 0 1

]            (1) 

 

𝑹𝑹𝑮𝑮→𝑩𝑩
𝒏𝒏 (𝛼𝛼𝐴𝐴𝑛𝑛, 𝛼𝛼𝐷𝐷𝑛𝑛) = [

cos 𝛼𝛼𝐷𝐷𝑛𝑛 cos 𝛼𝛼𝐴𝐴𝑛𝑛 cos 𝛼𝛼𝐷𝐷 sin 𝛼𝛼𝐴𝐴𝑛𝑛 − sin 𝛼𝛼𝐷𝐷𝑛𝑛
−sin 𝛼𝛼𝐴𝐴𝑛𝑛 cos 𝛼𝛼𝐴𝐴𝑛𝑛 0

sin 𝛼𝛼𝐷𝐷𝑛𝑛 cos 𝛼𝛼𝐴𝐴𝑛𝑛 sin 𝛼𝛼𝐷𝐷𝑛𝑛 sin 𝛼𝛼𝐴𝐴𝑛𝑛 cos 𝛼𝛼𝐷𝐷𝑛𝑛
]             (2) 

 

𝑦𝑦𝐺𝐺𝑛𝑛 

𝑧𝑧𝐺𝐺𝑛𝑛 

𝛼𝛼𝑦𝑦𝐵𝐵𝑛𝑛  

𝑦𝑦𝐵𝐵𝑛𝑛 

 

𝑹𝑹(𝛼𝛼𝑦𝑦𝐵𝐵𝑚𝑚 ) = [
cos𝛼𝛼𝑦𝑦𝐵𝐵𝑚𝑚 0 − sin 𝛼𝛼𝑦𝑦𝐵𝐵𝑚𝑚

0 1 0
sin 𝛼𝛼𝑦𝑦𝐵𝐵𝑚𝑚 0 cos𝛼𝛼𝑦𝑦𝐵𝐵𝑚𝑚

]               (3) 

 

𝛼𝛼𝑦𝑦𝐵𝐵1 = 𝜋𝜋 2⁄  

 

𝑹𝑹𝑩𝑩→𝑷𝑷
𝟏𝟏 (𝛼𝛼𝑦𝑦𝐵𝐵1 = 𝜋𝜋

2) = [
0 0 −1
0 1 0
1 0 0

]              (4) 

 
 
𝑦𝑦𝐵𝐵𝑛𝑛 

𝛼𝛼𝑧𝑧𝐵𝐵𝑛𝑛  

, to , can be se-
quentially obtained by:
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𝑧𝑧𝐵𝐵
𝑛𝑛 

 

𝑹𝑹𝑩𝑩→𝑷𝑷
𝒎𝒎 (𝛼𝛼𝑧𝑧𝐵𝐵

𝑚𝑚 , 𝛼𝛼𝑦𝑦𝐵𝐵
𝑚𝑚 ) = 𝑹𝑹𝑩𝑩→𝑷𝑷

𝟏𝟏 𝑹𝑹𝒛𝒛,𝑩𝑩(𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚 ) = [

0 0 −1
sin 𝛼𝛼𝑧𝑧𝐵𝐵

𝑚𝑚 cos 𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚 0

cos𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚 sin 𝛼𝛼𝑧𝑧𝐵𝐵

𝑚𝑚 0
]            (5) 

 

𝑹𝑹𝑮𝑮→𝑷𝑷 = 𝑹𝑹𝑮𝑮→𝑩𝑩
𝒏𝒏 (𝛼𝛼𝐴𝐴

𝑛𝑛, 𝛼𝛼𝐷𝐷
𝑛𝑛)𝑹𝑹𝑩𝑩→𝑷𝑷

𝒎𝒎 (𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚 , 𝛼𝛼𝑦𝑦𝐵𝐵

𝑚𝑚 ) = [
𝑅𝑅𝐺𝐺𝐺𝐺

11 𝑅𝑅𝐺𝐺𝐺𝐺
12 𝑅𝑅𝐺𝐺𝐺𝐺

13

𝑅𝑅𝐺𝐺𝐺𝐺
21 𝑅𝑅𝐺𝐺𝐺𝐺

22 𝑅𝑅𝐺𝐺𝐺𝐺
23

𝑅𝑅𝐺𝐺𝐺𝐺
31 𝑅𝑅𝐺𝐺𝐺𝐺

32 𝑅𝑅𝐺𝐺𝐺𝐺
33

]                    (6)      

 

𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚  

𝛼𝛼𝑧𝑧,𝐵𝐵
𝑚𝑚  

 

{
𝑥𝑥𝐵𝐵

𝑃𝑃𝑚𝑚 = 𝑅𝑅𝑜𝑜𝑜𝑜 cos 𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚

𝑦𝑦𝐵𝐵
𝑃𝑃𝑚𝑚 = 𝑅𝑅𝑜𝑜𝑜𝑜sin 𝛼𝛼𝑧𝑧𝐵𝐵

𝑚𝑚

𝑧𝑧𝐵𝐵
𝑃𝑃𝑚𝑚 = 0

                 (7) 

 

{
𝑥𝑥𝐵𝐵

𝑃𝑃𝑚𝑚

𝑦𝑦𝐵𝐵
𝑃𝑃𝑚𝑚

𝑧𝑧𝐵𝐵
𝑃𝑃𝑚𝑚

} = [
cos 𝛼𝛼𝐷𝐷

𝑛𝑛 cos 𝛼𝛼𝐴𝐴
𝑛𝑛 cos 𝛼𝛼𝐷𝐷 sin 𝛼𝛼𝐴𝐴

𝑛𝑛 − sin 𝛼𝛼𝐷𝐷
𝑛𝑛

− sin 𝛼𝛼𝐷𝐷
𝑛𝑛 cos 𝛼𝛼𝐴𝐴

𝑛𝑛 0
sin 𝛼𝛼𝐷𝐷

𝑛𝑛 cos 𝛼𝛼𝐴𝐴
𝑛𝑛 sin 𝛼𝛼𝐷𝐷

𝑛𝑛 sin 𝛼𝛼𝐴𝐴
𝑛𝑛 cos 𝛼𝛼𝐷𝐷

𝑛𝑛
]{

𝑥𝑥𝐺𝐺
𝑃𝑃𝑚𝑚

𝑦𝑦𝐺𝐺
𝑃𝑃𝑚𝑚

𝑧𝑧𝐺𝐺
𝑃𝑃𝑚𝑚

}          (8) 

 

{
𝑥𝑥𝐺𝐺

𝑃𝑃𝑚𝑚

𝑦𝑦𝐺𝐺
𝑃𝑃𝑚𝑚

𝑧𝑧𝐺𝐺
𝑃𝑃𝑚𝑚

} = [
cos 𝛼𝛼𝐷𝐷

𝑛𝑛 cos 𝛼𝛼𝐴𝐴
𝑛𝑛 cos 𝛼𝛼𝐷𝐷 sin 𝛼𝛼𝐴𝐴

𝑛𝑛 − sin 𝛼𝛼𝐷𝐷
𝑛𝑛

− sin 𝛼𝛼𝐷𝐷
𝑛𝑛 cos 𝛼𝛼𝐴𝐴

𝑛𝑛 0
sin 𝛼𝛼𝐷𝐷

𝑛𝑛 cos 𝛼𝛼𝐴𝐴
𝑛𝑛 sin 𝛼𝛼𝐷𝐷

𝑛𝑛 sin 𝛼𝛼𝐴𝐴
𝑛𝑛 cos 𝛼𝛼𝐷𝐷

𝑛𝑛
]
−1

{
𝑥𝑥𝐵𝐵

𝑃𝑃𝑚𝑚

𝑦𝑦𝐵𝐵
𝑃𝑃𝑚𝑚

𝑧𝑧𝐵𝐵
𝑃𝑃𝑚𝑚

}              (9) 

 

𝑂𝑂𝑃𝑃𝑚𝑚⃑⃑⃑⃑ ⃑⃑ ⃑⃑   and 𝑂𝑂𝑃𝑃𝑚𝑚′⃑⃑⃑⃑ ⃑⃑ ⃑⃑   
 

𝑂𝑂𝑃𝑃𝑚𝑚⃑⃑⃑⃑ ⃑⃑ ⃑⃑  = 𝑥𝑥𝐺𝐺
𝑃𝑃𝑚𝑚𝑖𝑖 + 𝑦𝑦𝐺𝐺

𝑃𝑃𝑚𝑚𝑗𝑗 + 𝑧𝑧𝐺𝐺
𝑃𝑃𝑚𝑚𝑘𝑘                (10) 

 
 
𝑂𝑂𝑃𝑃𝑚𝑚′⃑⃑⃑⃑ ⃑⃑ ⃑⃑  = 𝑥𝑥𝐺𝐺

𝑃𝑃𝑚𝑚𝑖𝑖 + 𝑦𝑦𝐺𝐺
𝑃𝑃𝑚𝑚𝑗𝑗                (11) 
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𝑧𝑧𝐵𝐵
𝑛𝑛 

 

𝑹𝑹𝑩𝑩→𝑷𝑷
𝒎𝒎 (𝛼𝛼𝑧𝑧𝐵𝐵

𝑚𝑚 , 𝛼𝛼𝑦𝑦𝐵𝐵
𝑚𝑚 ) = 𝑹𝑹𝑩𝑩→𝑷𝑷

𝟏𝟏 𝑹𝑹𝒛𝒛,𝑩𝑩(𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚 ) = [

0 0 −1
sin 𝛼𝛼𝑧𝑧𝐵𝐵

𝑚𝑚 cos 𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚 0

cos𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚 sin 𝛼𝛼𝑧𝑧𝐵𝐵

𝑚𝑚 0
]            (5) 

 

𝑹𝑹𝑮𝑮→𝑷𝑷 = 𝑹𝑹𝑮𝑮→𝑩𝑩
𝒏𝒏 (𝛼𝛼𝐴𝐴

𝑛𝑛, 𝛼𝛼𝐷𝐷
𝑛𝑛)𝑹𝑹𝑩𝑩→𝑷𝑷

𝒎𝒎 (𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚 , 𝛼𝛼𝑦𝑦𝐵𝐵

𝑚𝑚 ) = [
𝑅𝑅𝐺𝐺𝐺𝐺

11 𝑅𝑅𝐺𝐺𝐺𝐺
12 𝑅𝑅𝐺𝐺𝐺𝐺

13

𝑅𝑅𝐺𝐺𝐺𝐺
21 𝑅𝑅𝐺𝐺𝐺𝐺

22 𝑅𝑅𝐺𝐺𝐺𝐺
23

𝑅𝑅𝐺𝐺𝐺𝐺
31 𝑅𝑅𝐺𝐺𝐺𝐺

32 𝑅𝑅𝐺𝐺𝐺𝐺
33

]                    (6)      

 

𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚  

𝛼𝛼𝑧𝑧,𝐵𝐵
𝑚𝑚  

 

{
𝑥𝑥𝐵𝐵

𝑃𝑃𝑚𝑚 = 𝑅𝑅𝑜𝑜𝑜𝑜 cos 𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚

𝑦𝑦𝐵𝐵
𝑃𝑃𝑚𝑚 = 𝑅𝑅𝑜𝑜𝑜𝑜sin 𝛼𝛼𝑧𝑧𝐵𝐵

𝑚𝑚

𝑧𝑧𝐵𝐵
𝑃𝑃𝑚𝑚 = 0

                 (7) 

 

{
𝑥𝑥𝐵𝐵

𝑃𝑃𝑚𝑚

𝑦𝑦𝐵𝐵
𝑃𝑃𝑚𝑚

𝑧𝑧𝐵𝐵
𝑃𝑃𝑚𝑚

} = [
cos 𝛼𝛼𝐷𝐷

𝑛𝑛 cos 𝛼𝛼𝐴𝐴
𝑛𝑛 cos 𝛼𝛼𝐷𝐷 sin 𝛼𝛼𝐴𝐴

𝑛𝑛 − sin 𝛼𝛼𝐷𝐷
𝑛𝑛

− sin 𝛼𝛼𝐷𝐷
𝑛𝑛 cos 𝛼𝛼𝐴𝐴

𝑛𝑛 0
sin 𝛼𝛼𝐷𝐷

𝑛𝑛 cos 𝛼𝛼𝐴𝐴
𝑛𝑛 sin 𝛼𝛼𝐷𝐷

𝑛𝑛 sin 𝛼𝛼𝐴𝐴
𝑛𝑛 cos 𝛼𝛼𝐷𝐷

𝑛𝑛
]{

𝑥𝑥𝐺𝐺
𝑃𝑃𝑚𝑚

𝑦𝑦𝐺𝐺
𝑃𝑃𝑚𝑚

𝑧𝑧𝐺𝐺
𝑃𝑃𝑚𝑚

}          (8) 

 

{
𝑥𝑥𝐺𝐺

𝑃𝑃𝑚𝑚

𝑦𝑦𝐺𝐺
𝑃𝑃𝑚𝑚

𝑧𝑧𝐺𝐺
𝑃𝑃𝑚𝑚

} = [
cos 𝛼𝛼𝐷𝐷

𝑛𝑛 cos 𝛼𝛼𝐴𝐴
𝑛𝑛 cos 𝛼𝛼𝐷𝐷 sin 𝛼𝛼𝐴𝐴

𝑛𝑛 − sin 𝛼𝛼𝐷𝐷
𝑛𝑛

− sin 𝛼𝛼𝐷𝐷
𝑛𝑛 cos 𝛼𝛼𝐴𝐴

𝑛𝑛 0
sin 𝛼𝛼𝐷𝐷

𝑛𝑛 cos 𝛼𝛼𝐴𝐴
𝑛𝑛 sin 𝛼𝛼𝐷𝐷

𝑛𝑛 sin 𝛼𝛼𝐴𝐴
𝑛𝑛 cos 𝛼𝛼𝐷𝐷

𝑛𝑛
]
−1

{
𝑥𝑥𝐵𝐵

𝑃𝑃𝑚𝑚

𝑦𝑦𝐵𝐵
𝑃𝑃𝑚𝑚

𝑧𝑧𝐵𝐵
𝑃𝑃𝑚𝑚

}              (9) 

 

𝑂𝑂𝑃𝑃𝑚𝑚⃑⃑⃑⃑ ⃑⃑ ⃑⃑   and 𝑂𝑂𝑃𝑃𝑚𝑚′⃑⃑⃑⃑ ⃑⃑ ⃑⃑   
 

𝑂𝑂𝑃𝑃𝑚𝑚⃑⃑⃑⃑ ⃑⃑ ⃑⃑  = 𝑥𝑥𝐺𝐺
𝑃𝑃𝑚𝑚𝑖𝑖 + 𝑦𝑦𝐺𝐺

𝑃𝑃𝑚𝑚𝑗𝑗 + 𝑧𝑧𝐺𝐺
𝑃𝑃𝑚𝑚𝑘𝑘                (10) 

 
 
𝑂𝑂𝑃𝑃𝑚𝑚′⃑⃑⃑⃑ ⃑⃑ ⃑⃑  = 𝑥𝑥𝐺𝐺

𝑃𝑃𝑚𝑚𝑖𝑖 + 𝑦𝑦𝐺𝐺
𝑃𝑃𝑚𝑚𝑗𝑗                (11) 
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Therefore, the final rotation matrix from the global 
coordinate system to the individual perforation coordinate 
system can be given by:
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𝑧𝑧𝐵𝐵
𝑛𝑛 

 

𝑹𝑹𝑩𝑩→𝑷𝑷
𝒎𝒎 (𝛼𝛼𝑧𝑧𝐵𝐵

𝑚𝑚 , 𝛼𝛼𝑦𝑦𝐵𝐵
𝑚𝑚 ) = 𝑹𝑹𝑩𝑩→𝑷𝑷

𝟏𝟏 𝑹𝑹𝒛𝒛,𝑩𝑩(𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚 ) = [

0 0 −1
sin 𝛼𝛼𝑧𝑧𝐵𝐵

𝑚𝑚 cos 𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚 0

cos𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚 sin 𝛼𝛼𝑧𝑧𝐵𝐵

𝑚𝑚 0
]            (5) 

 

𝑹𝑹𝑮𝑮→𝑷𝑷 = 𝑹𝑹𝑮𝑮→𝑩𝑩
𝒏𝒏 (𝛼𝛼𝐴𝐴

𝑛𝑛, 𝛼𝛼𝐷𝐷
𝑛𝑛)𝑹𝑹𝑩𝑩→𝑷𝑷

𝒎𝒎 (𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚 , 𝛼𝛼𝑦𝑦𝐵𝐵

𝑚𝑚 ) = [
𝑅𝑅𝐺𝐺𝐺𝐺

11 𝑅𝑅𝐺𝐺𝐺𝐺
12 𝑅𝑅𝐺𝐺𝐺𝐺

13

𝑅𝑅𝐺𝐺𝐺𝐺
21 𝑅𝑅𝐺𝐺𝐺𝐺

22 𝑅𝑅𝐺𝐺𝐺𝐺
23

𝑅𝑅𝐺𝐺𝐺𝐺
31 𝑅𝑅𝐺𝐺𝐺𝐺

32 𝑅𝑅𝐺𝐺𝐺𝐺
33

]                    (6)      

 

𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚  

𝛼𝛼𝑧𝑧,𝐵𝐵
𝑚𝑚  

 

{
𝑥𝑥𝐵𝐵

𝑃𝑃𝑚𝑚 = 𝑅𝑅𝑜𝑜𝑜𝑜 cos 𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚

𝑦𝑦𝐵𝐵
𝑃𝑃𝑚𝑚 = 𝑅𝑅𝑜𝑜𝑜𝑜sin 𝛼𝛼𝑧𝑧𝐵𝐵

𝑚𝑚

𝑧𝑧𝐵𝐵
𝑃𝑃𝑚𝑚 = 0

                 (7) 

 

{
𝑥𝑥𝐵𝐵

𝑃𝑃𝑚𝑚

𝑦𝑦𝐵𝐵
𝑃𝑃𝑚𝑚

𝑧𝑧𝐵𝐵
𝑃𝑃𝑚𝑚

} = [
cos 𝛼𝛼𝐷𝐷

𝑛𝑛 cos 𝛼𝛼𝐴𝐴
𝑛𝑛 cos 𝛼𝛼𝐷𝐷 sin 𝛼𝛼𝐴𝐴

𝑛𝑛 − sin 𝛼𝛼𝐷𝐷
𝑛𝑛

− sin 𝛼𝛼𝐷𝐷
𝑛𝑛 cos 𝛼𝛼𝐴𝐴

𝑛𝑛 0
sin 𝛼𝛼𝐷𝐷

𝑛𝑛 cos 𝛼𝛼𝐴𝐴
𝑛𝑛 sin 𝛼𝛼𝐷𝐷

𝑛𝑛 sin 𝛼𝛼𝐴𝐴
𝑛𝑛 cos 𝛼𝛼𝐷𝐷

𝑛𝑛
]{

𝑥𝑥𝐺𝐺
𝑃𝑃𝑚𝑚

𝑦𝑦𝐺𝐺
𝑃𝑃𝑚𝑚

𝑧𝑧𝐺𝐺
𝑃𝑃𝑚𝑚

}          (8) 

 

{
𝑥𝑥𝐺𝐺

𝑃𝑃𝑚𝑚

𝑦𝑦𝐺𝐺
𝑃𝑃𝑚𝑚

𝑧𝑧𝐺𝐺
𝑃𝑃𝑚𝑚

} = [
cos 𝛼𝛼𝐷𝐷

𝑛𝑛 cos 𝛼𝛼𝐴𝐴
𝑛𝑛 cos 𝛼𝛼𝐷𝐷 sin 𝛼𝛼𝐴𝐴

𝑛𝑛 − sin 𝛼𝛼𝐷𝐷
𝑛𝑛

− sin 𝛼𝛼𝐷𝐷
𝑛𝑛 cos 𝛼𝛼𝐴𝐴

𝑛𝑛 0
sin 𝛼𝛼𝐷𝐷

𝑛𝑛 cos 𝛼𝛼𝐴𝐴
𝑛𝑛 sin 𝛼𝛼𝐷𝐷

𝑛𝑛 sin 𝛼𝛼𝐴𝐴
𝑛𝑛 cos 𝛼𝛼𝐷𝐷

𝑛𝑛
]
−1

{
𝑥𝑥𝐵𝐵

𝑃𝑃𝑚𝑚

𝑦𝑦𝐵𝐵
𝑃𝑃𝑚𝑚

𝑧𝑧𝐵𝐵
𝑃𝑃𝑚𝑚

}              (9) 

 

𝑂𝑂𝑃𝑃𝑚𝑚⃑⃑⃑⃑ ⃑⃑ ⃑⃑   and 𝑂𝑂𝑃𝑃𝑚𝑚′⃑⃑⃑⃑ ⃑⃑ ⃑⃑   
 

𝑂𝑂𝑃𝑃𝑚𝑚⃑⃑⃑⃑ ⃑⃑ ⃑⃑  = 𝑥𝑥𝐺𝐺
𝑃𝑃𝑚𝑚𝑖𝑖 + 𝑦𝑦𝐺𝐺

𝑃𝑃𝑚𝑚𝑗𝑗 + 𝑧𝑧𝐺𝐺
𝑃𝑃𝑚𝑚𝑘𝑘                (10) 

 
 
𝑂𝑂𝑃𝑃𝑚𝑚′⃑⃑⃑⃑ ⃑⃑ ⃑⃑  = 𝑥𝑥𝐺𝐺

𝑃𝑃𝑚𝑚𝑖𝑖 + 𝑦𝑦𝐺𝐺
𝑃𝑃𝑚𝑚𝑗𝑗                (11) 
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𝑧𝑧𝐵𝐵
𝑛𝑛 

 

𝑹𝑹𝑩𝑩→𝑷𝑷
𝒎𝒎 (𝛼𝛼𝑧𝑧𝐵𝐵

𝑚𝑚 , 𝛼𝛼𝑦𝑦𝐵𝐵
𝑚𝑚 ) = 𝑹𝑹𝑩𝑩→𝑷𝑷

𝟏𝟏 𝑹𝑹𝒛𝒛,𝑩𝑩(𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚 ) = [

0 0 −1
sin 𝛼𝛼𝑧𝑧𝐵𝐵

𝑚𝑚 cos 𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚 0

cos𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚 sin 𝛼𝛼𝑧𝑧𝐵𝐵

𝑚𝑚 0
]            (5) 

 

𝑹𝑹𝑮𝑮→𝑷𝑷 = 𝑹𝑹𝑮𝑮→𝑩𝑩
𝒏𝒏 (𝛼𝛼𝐴𝐴

𝑛𝑛, 𝛼𝛼𝐷𝐷
𝑛𝑛)𝑹𝑹𝑩𝑩→𝑷𝑷

𝒎𝒎 (𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚 , 𝛼𝛼𝑦𝑦𝐵𝐵

𝑚𝑚 ) = [
𝑅𝑅𝐺𝐺𝐺𝐺

11 𝑅𝑅𝐺𝐺𝐺𝐺
12 𝑅𝑅𝐺𝐺𝐺𝐺

13

𝑅𝑅𝐺𝐺𝐺𝐺
21 𝑅𝑅𝐺𝐺𝐺𝐺

22 𝑅𝑅𝐺𝐺𝐺𝐺
23

𝑅𝑅𝐺𝐺𝐺𝐺
31 𝑅𝑅𝐺𝐺𝐺𝐺

32 𝑅𝑅𝐺𝐺𝐺𝐺
33

]                    (6)      

 

𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚  

𝛼𝛼𝑧𝑧,𝐵𝐵
𝑚𝑚  

 

{
𝑥𝑥𝐵𝐵

𝑃𝑃𝑚𝑚 = 𝑅𝑅𝑜𝑜𝑜𝑜 cos 𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚

𝑦𝑦𝐵𝐵
𝑃𝑃𝑚𝑚 = 𝑅𝑅𝑜𝑜𝑜𝑜sin 𝛼𝛼𝑧𝑧𝐵𝐵

𝑚𝑚

𝑧𝑧𝐵𝐵
𝑃𝑃𝑚𝑚 = 0

                 (7) 

 

{
𝑥𝑥𝐵𝐵

𝑃𝑃𝑚𝑚

𝑦𝑦𝐵𝐵
𝑃𝑃𝑚𝑚

𝑧𝑧𝐵𝐵
𝑃𝑃𝑚𝑚

} = [
cos 𝛼𝛼𝐷𝐷

𝑛𝑛 cos 𝛼𝛼𝐴𝐴
𝑛𝑛 cos 𝛼𝛼𝐷𝐷 sin 𝛼𝛼𝐴𝐴

𝑛𝑛 − sin 𝛼𝛼𝐷𝐷
𝑛𝑛

− sin 𝛼𝛼𝐷𝐷
𝑛𝑛 cos 𝛼𝛼𝐴𝐴

𝑛𝑛 0
sin 𝛼𝛼𝐷𝐷

𝑛𝑛 cos 𝛼𝛼𝐴𝐴
𝑛𝑛 sin 𝛼𝛼𝐷𝐷

𝑛𝑛 sin 𝛼𝛼𝐴𝐴
𝑛𝑛 cos 𝛼𝛼𝐷𝐷

𝑛𝑛
]{

𝑥𝑥𝐺𝐺
𝑃𝑃𝑚𝑚

𝑦𝑦𝐺𝐺
𝑃𝑃𝑚𝑚

𝑧𝑧𝐺𝐺
𝑃𝑃𝑚𝑚

}          (8) 

 

{
𝑥𝑥𝐺𝐺

𝑃𝑃𝑚𝑚

𝑦𝑦𝐺𝐺
𝑃𝑃𝑚𝑚

𝑧𝑧𝐺𝐺
𝑃𝑃𝑚𝑚

} = [
cos 𝛼𝛼𝐷𝐷

𝑛𝑛 cos 𝛼𝛼𝐴𝐴
𝑛𝑛 cos 𝛼𝛼𝐷𝐷 sin 𝛼𝛼𝐴𝐴

𝑛𝑛 − sin 𝛼𝛼𝐷𝐷
𝑛𝑛

− sin 𝛼𝛼𝐷𝐷
𝑛𝑛 cos 𝛼𝛼𝐴𝐴

𝑛𝑛 0
sin 𝛼𝛼𝐷𝐷

𝑛𝑛 cos 𝛼𝛼𝐴𝐴
𝑛𝑛 sin 𝛼𝛼𝐷𝐷

𝑛𝑛 sin 𝛼𝛼𝐴𝐴
𝑛𝑛 cos 𝛼𝛼𝐷𝐷

𝑛𝑛
]
−1

{
𝑥𝑥𝐵𝐵

𝑃𝑃𝑚𝑚

𝑦𝑦𝐵𝐵
𝑃𝑃𝑚𝑚

𝑧𝑧𝐵𝐵
𝑃𝑃𝑚𝑚

}              (9) 

 

𝑂𝑂𝑃𝑃𝑚𝑚⃑⃑⃑⃑ ⃑⃑ ⃑⃑   and 𝑂𝑂𝑃𝑃𝑚𝑚′⃑⃑⃑⃑ ⃑⃑ ⃑⃑   
 

𝑂𝑂𝑃𝑃𝑚𝑚⃑⃑⃑⃑ ⃑⃑ ⃑⃑  = 𝑥𝑥𝐺𝐺
𝑃𝑃𝑚𝑚𝑖𝑖 + 𝑦𝑦𝐺𝐺

𝑃𝑃𝑚𝑚𝑗𝑗 + 𝑧𝑧𝐺𝐺
𝑃𝑃𝑚𝑚𝑘𝑘                (10) 

 
 
𝑂𝑂𝑃𝑃𝑚𝑚′⃑⃑⃑⃑ ⃑⃑ ⃑⃑  = 𝑥𝑥𝐺𝐺

𝑃𝑃𝑚𝑚𝑖𝑖 + 𝑦𝑦𝐺𝐺
𝑃𝑃𝑚𝑚𝑗𝑗                (11) 
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where 
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𝑧𝑧𝐵𝐵
𝑛𝑛 

 

𝑹𝑹𝑩𝑩→𝑷𝑷
𝒎𝒎 (𝛼𝛼𝑧𝑧𝐵𝐵

𝑚𝑚 , 𝛼𝛼𝑦𝑦𝐵𝐵
𝑚𝑚 ) = 𝑹𝑹𝑩𝑩→𝑷𝑷

𝟏𝟏 𝑹𝑹𝒛𝒛,𝑩𝑩(𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚 ) = [

0 0 −1
sin 𝛼𝛼𝑧𝑧𝐵𝐵

𝑚𝑚 cos 𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚 0

cos𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚 sin 𝛼𝛼𝑧𝑧𝐵𝐵

𝑚𝑚 0
]            (5) 

 

𝑹𝑹𝑮𝑮→𝑷𝑷 = 𝑹𝑹𝑮𝑮→𝑩𝑩
𝒏𝒏 (𝛼𝛼𝐴𝐴

𝑛𝑛, 𝛼𝛼𝐷𝐷
𝑛𝑛)𝑹𝑹𝑩𝑩→𝑷𝑷

𝒎𝒎 (𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚 , 𝛼𝛼𝑦𝑦𝐵𝐵

𝑚𝑚 ) = [
𝑅𝑅𝐺𝐺𝐺𝐺

11 𝑅𝑅𝐺𝐺𝐺𝐺
12 𝑅𝑅𝐺𝐺𝐺𝐺

13

𝑅𝑅𝐺𝐺𝐺𝐺
21 𝑅𝑅𝐺𝐺𝐺𝐺

22 𝑅𝑅𝐺𝐺𝐺𝐺
23

𝑅𝑅𝐺𝐺𝐺𝐺
31 𝑅𝑅𝐺𝐺𝐺𝐺

32 𝑅𝑅𝐺𝐺𝐺𝐺
33

]                    (6)      

 

𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚  

𝛼𝛼𝑧𝑧,𝐵𝐵
𝑚𝑚  

 

{
𝑥𝑥𝐵𝐵

𝑃𝑃𝑚𝑚 = 𝑅𝑅𝑜𝑜𝑜𝑜 cos 𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚

𝑦𝑦𝐵𝐵
𝑃𝑃𝑚𝑚 = 𝑅𝑅𝑜𝑜𝑜𝑜sin 𝛼𝛼𝑧𝑧𝐵𝐵

𝑚𝑚

𝑧𝑧𝐵𝐵
𝑃𝑃𝑚𝑚 = 0

                 (7) 

 

{
𝑥𝑥𝐵𝐵

𝑃𝑃𝑚𝑚

𝑦𝑦𝐵𝐵
𝑃𝑃𝑚𝑚

𝑧𝑧𝐵𝐵
𝑃𝑃𝑚𝑚

} = [
cos 𝛼𝛼𝐷𝐷

𝑛𝑛 cos 𝛼𝛼𝐴𝐴
𝑛𝑛 cos 𝛼𝛼𝐷𝐷 sin 𝛼𝛼𝐴𝐴

𝑛𝑛 − sin 𝛼𝛼𝐷𝐷
𝑛𝑛

− sin 𝛼𝛼𝐷𝐷
𝑛𝑛 cos 𝛼𝛼𝐴𝐴

𝑛𝑛 0
sin 𝛼𝛼𝐷𝐷

𝑛𝑛 cos 𝛼𝛼𝐴𝐴
𝑛𝑛 sin 𝛼𝛼𝐷𝐷

𝑛𝑛 sin 𝛼𝛼𝐴𝐴
𝑛𝑛 cos 𝛼𝛼𝐷𝐷

𝑛𝑛
]{

𝑥𝑥𝐺𝐺
𝑃𝑃𝑚𝑚

𝑦𝑦𝐺𝐺
𝑃𝑃𝑚𝑚

𝑧𝑧𝐺𝐺
𝑃𝑃𝑚𝑚

}          (8) 

 

{
𝑥𝑥𝐺𝐺

𝑃𝑃𝑚𝑚

𝑦𝑦𝐺𝐺
𝑃𝑃𝑚𝑚

𝑧𝑧𝐺𝐺
𝑃𝑃𝑚𝑚

} = [
cos 𝛼𝛼𝐷𝐷

𝑛𝑛 cos 𝛼𝛼𝐴𝐴
𝑛𝑛 cos 𝛼𝛼𝐷𝐷 sin 𝛼𝛼𝐴𝐴

𝑛𝑛 − sin 𝛼𝛼𝐷𝐷
𝑛𝑛

− sin 𝛼𝛼𝐷𝐷
𝑛𝑛 cos 𝛼𝛼𝐴𝐴

𝑛𝑛 0
sin 𝛼𝛼𝐷𝐷

𝑛𝑛 cos 𝛼𝛼𝐴𝐴
𝑛𝑛 sin 𝛼𝛼𝐷𝐷

𝑛𝑛 sin 𝛼𝛼𝐴𝐴
𝑛𝑛 cos 𝛼𝛼𝐷𝐷

𝑛𝑛
]
−1

{
𝑥𝑥𝐵𝐵

𝑃𝑃𝑚𝑚

𝑦𝑦𝐵𝐵
𝑃𝑃𝑚𝑚

𝑧𝑧𝐵𝐵
𝑃𝑃𝑚𝑚

}              (9) 

 

𝑂𝑂𝑃𝑃𝑚𝑚⃑⃑⃑⃑ ⃑⃑ ⃑⃑   and 𝑂𝑂𝑃𝑃𝑚𝑚′⃑⃑⃑⃑ ⃑⃑ ⃑⃑   
 

𝑂𝑂𝑃𝑃𝑚𝑚⃑⃑⃑⃑ ⃑⃑ ⃑⃑  = 𝑥𝑥𝐺𝐺
𝑃𝑃𝑚𝑚𝑖𝑖 + 𝑦𝑦𝐺𝐺

𝑃𝑃𝑚𝑚𝑗𝑗 + 𝑧𝑧𝐺𝐺
𝑃𝑃𝑚𝑚𝑘𝑘                (10) 

 
 
𝑂𝑂𝑃𝑃𝑚𝑚′⃑⃑⃑⃑ ⃑⃑ ⃑⃑  = 𝑥𝑥𝐺𝐺

𝑃𝑃𝑚𝑚𝑖𝑖 + 𝑦𝑦𝐺𝐺
𝑃𝑃𝑚𝑚𝑗𝑗                (11) 

 

 is the perforation phase angle rotating about 
the wellbore’s z-axis starting from the highest point, Fig. 
4, which ranges from 0° to 360°. By far, we introduce all 
the coordinate systems, which are used to project stress 
tensor transformation, calculating breakdown pressure. 
Also, it is required for calculating the optimum perforation 
direction. Once the lowest breakdown pressure from a 
perforation cluster is identified, the corresponding 
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𝑧𝑧𝐵𝐵
𝑛𝑛 

 

𝑹𝑹𝑩𝑩→𝑷𝑷
𝒎𝒎 (𝛼𝛼𝑧𝑧𝐵𝐵

𝑚𝑚 , 𝛼𝛼𝑦𝑦𝐵𝐵
𝑚𝑚 ) = 𝑹𝑹𝑩𝑩→𝑷𝑷

𝟏𝟏 𝑹𝑹𝒛𝒛,𝑩𝑩(𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚 ) = [

0 0 −1
sin 𝛼𝛼𝑧𝑧𝐵𝐵

𝑚𝑚 cos 𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚 0

cos𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚 sin 𝛼𝛼𝑧𝑧𝐵𝐵

𝑚𝑚 0
]            (5) 

 

𝑹𝑹𝑮𝑮→𝑷𝑷 = 𝑹𝑹𝑮𝑮→𝑩𝑩
𝒏𝒏 (𝛼𝛼𝐴𝐴

𝑛𝑛, 𝛼𝛼𝐷𝐷
𝑛𝑛)𝑹𝑹𝑩𝑩→𝑷𝑷

𝒎𝒎 (𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚 , 𝛼𝛼𝑦𝑦𝐵𝐵

𝑚𝑚 ) = [
𝑅𝑅𝐺𝐺𝐺𝐺

11 𝑅𝑅𝐺𝐺𝐺𝐺
12 𝑅𝑅𝐺𝐺𝐺𝐺

13

𝑅𝑅𝐺𝐺𝐺𝐺
21 𝑅𝑅𝐺𝐺𝐺𝐺

22 𝑅𝑅𝐺𝐺𝐺𝐺
23

𝑅𝑅𝐺𝐺𝐺𝐺
31 𝑅𝑅𝐺𝐺𝐺𝐺

32 𝑅𝑅𝐺𝐺𝐺𝐺
33

]                    (6)      

 

𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚  

𝛼𝛼𝑧𝑧,𝐵𝐵
𝑚𝑚  

 

{
𝑥𝑥𝐵𝐵

𝑃𝑃𝑚𝑚 = 𝑅𝑅𝑜𝑜𝑜𝑜 cos 𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚

𝑦𝑦𝐵𝐵
𝑃𝑃𝑚𝑚 = 𝑅𝑅𝑜𝑜𝑜𝑜sin 𝛼𝛼𝑧𝑧𝐵𝐵

𝑚𝑚

𝑧𝑧𝐵𝐵
𝑃𝑃𝑚𝑚 = 0

                 (7) 

 

{
𝑥𝑥𝐵𝐵

𝑃𝑃𝑚𝑚

𝑦𝑦𝐵𝐵
𝑃𝑃𝑚𝑚

𝑧𝑧𝐵𝐵
𝑃𝑃𝑚𝑚

} = [
cos 𝛼𝛼𝐷𝐷

𝑛𝑛 cos 𝛼𝛼𝐴𝐴
𝑛𝑛 cos 𝛼𝛼𝐷𝐷 sin 𝛼𝛼𝐴𝐴

𝑛𝑛 − sin 𝛼𝛼𝐷𝐷
𝑛𝑛

− sin 𝛼𝛼𝐷𝐷
𝑛𝑛 cos 𝛼𝛼𝐴𝐴

𝑛𝑛 0
sin 𝛼𝛼𝐷𝐷

𝑛𝑛 cos 𝛼𝛼𝐴𝐴
𝑛𝑛 sin 𝛼𝛼𝐷𝐷

𝑛𝑛 sin 𝛼𝛼𝐴𝐴
𝑛𝑛 cos 𝛼𝛼𝐷𝐷

𝑛𝑛
]{

𝑥𝑥𝐺𝐺
𝑃𝑃𝑚𝑚

𝑦𝑦𝐺𝐺
𝑃𝑃𝑚𝑚

𝑧𝑧𝐺𝐺
𝑃𝑃𝑚𝑚

}          (8) 

 

{
𝑥𝑥𝐺𝐺

𝑃𝑃𝑚𝑚

𝑦𝑦𝐺𝐺
𝑃𝑃𝑚𝑚

𝑧𝑧𝐺𝐺
𝑃𝑃𝑚𝑚

} = [
cos 𝛼𝛼𝐷𝐷

𝑛𝑛 cos 𝛼𝛼𝐴𝐴
𝑛𝑛 cos 𝛼𝛼𝐷𝐷 sin 𝛼𝛼𝐴𝐴

𝑛𝑛 − sin 𝛼𝛼𝐷𝐷
𝑛𝑛

− sin 𝛼𝛼𝐷𝐷
𝑛𝑛 cos 𝛼𝛼𝐴𝐴

𝑛𝑛 0
sin 𝛼𝛼𝐷𝐷

𝑛𝑛 cos 𝛼𝛼𝐴𝐴
𝑛𝑛 sin 𝛼𝛼𝐷𝐷

𝑛𝑛 sin 𝛼𝛼𝐴𝐴
𝑛𝑛 cos 𝛼𝛼𝐷𝐷

𝑛𝑛
]
−1

{
𝑥𝑥𝐵𝐵

𝑃𝑃𝑚𝑚

𝑦𝑦𝐵𝐵
𝑃𝑃𝑚𝑚

𝑧𝑧𝐵𝐵
𝑃𝑃𝑚𝑚

}              (9) 

 

𝑂𝑂𝑃𝑃𝑚𝑚⃑⃑⃑⃑ ⃑⃑ ⃑⃑   and 𝑂𝑂𝑃𝑃𝑚𝑚′⃑⃑⃑⃑ ⃑⃑ ⃑⃑   
 

𝑂𝑂𝑃𝑃𝑚𝑚⃑⃑⃑⃑ ⃑⃑ ⃑⃑  = 𝑥𝑥𝐺𝐺
𝑃𝑃𝑚𝑚𝑖𝑖 + 𝑦𝑦𝐺𝐺

𝑃𝑃𝑚𝑚𝑗𝑗 + 𝑧𝑧𝐺𝐺
𝑃𝑃𝑚𝑚𝑘𝑘                (10) 

 
 
𝑂𝑂𝑃𝑃𝑚𝑚′⃑⃑⃑⃑ ⃑⃑ ⃑⃑  = 𝑥𝑥𝐺𝐺

𝑃𝑃𝑚𝑚𝑖𝑖 + 𝑦𝑦𝐺𝐺
𝑃𝑃𝑚𝑚𝑗𝑗                (11) 

 

 

will be the optimum perforation phase angle with respect 
to the wellbore coordinate system. For an arbitrarily 
deviated well, this angle might be difficult to be used for 
oriented perforation purposes. The perforation azimuth 
or perforation dip angle might be required for targeting 
a shaped charge gun fired in the optimum perforation 
direction in the subsurface. 

Calculation of Perforation Azimuth
Based on the developed formulation of the breakdown 
pressure, we can quickly obtain the minimum breakdown 
pressure and its corresponding phase angle, 
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𝑧𝑧𝐵𝐵
𝑛𝑛 

 

𝑹𝑹𝑩𝑩→𝑷𝑷
𝒎𝒎 (𝛼𝛼𝑧𝑧𝐵𝐵

𝑚𝑚 , 𝛼𝛼𝑦𝑦𝐵𝐵
𝑚𝑚 ) = 𝑹𝑹𝑩𝑩→𝑷𝑷

𝟏𝟏 𝑹𝑹𝒛𝒛,𝑩𝑩(𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚 ) = [

0 0 −1
sin 𝛼𝛼𝑧𝑧𝐵𝐵

𝑚𝑚 cos 𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚 0

cos𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚 sin 𝛼𝛼𝑧𝑧𝐵𝐵

𝑚𝑚 0
]            (5) 

 

𝑹𝑹𝑮𝑮→𝑷𝑷 = 𝑹𝑹𝑮𝑮→𝑩𝑩
𝒏𝒏 (𝛼𝛼𝐴𝐴

𝑛𝑛, 𝛼𝛼𝐷𝐷
𝑛𝑛)𝑹𝑹𝑩𝑩→𝑷𝑷

𝒎𝒎 (𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚 , 𝛼𝛼𝑦𝑦𝐵𝐵

𝑚𝑚 ) = [
𝑅𝑅𝐺𝐺𝐺𝐺

11 𝑅𝑅𝐺𝐺𝐺𝐺
12 𝑅𝑅𝐺𝐺𝐺𝐺

13

𝑅𝑅𝐺𝐺𝐺𝐺
21 𝑅𝑅𝐺𝐺𝐺𝐺

22 𝑅𝑅𝐺𝐺𝐺𝐺
23

𝑅𝑅𝐺𝐺𝐺𝐺
31 𝑅𝑅𝐺𝐺𝐺𝐺

32 𝑅𝑅𝐺𝐺𝐺𝐺
33

]                    (6)      

 

𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚  

𝛼𝛼𝑧𝑧,𝐵𝐵
𝑚𝑚  

 

{
𝑥𝑥𝐵𝐵

𝑃𝑃𝑚𝑚 = 𝑅𝑅𝑜𝑜𝑜𝑜 cos 𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚

𝑦𝑦𝐵𝐵
𝑃𝑃𝑚𝑚 = 𝑅𝑅𝑜𝑜𝑜𝑜sin 𝛼𝛼𝑧𝑧𝐵𝐵

𝑚𝑚

𝑧𝑧𝐵𝐵
𝑃𝑃𝑚𝑚 = 0

                 (7) 

 

{
𝑥𝑥𝐵𝐵

𝑃𝑃𝑚𝑚

𝑦𝑦𝐵𝐵
𝑃𝑃𝑚𝑚

𝑧𝑧𝐵𝐵
𝑃𝑃𝑚𝑚

} = [
cos 𝛼𝛼𝐷𝐷

𝑛𝑛 cos 𝛼𝛼𝐴𝐴
𝑛𝑛 cos 𝛼𝛼𝐷𝐷 sin 𝛼𝛼𝐴𝐴

𝑛𝑛 − sin 𝛼𝛼𝐷𝐷
𝑛𝑛

− sin 𝛼𝛼𝐷𝐷
𝑛𝑛 cos 𝛼𝛼𝐴𝐴

𝑛𝑛 0
sin 𝛼𝛼𝐷𝐷

𝑛𝑛 cos 𝛼𝛼𝐴𝐴
𝑛𝑛 sin 𝛼𝛼𝐷𝐷

𝑛𝑛 sin 𝛼𝛼𝐴𝐴
𝑛𝑛 cos 𝛼𝛼𝐷𝐷

𝑛𝑛
]{

𝑥𝑥𝐺𝐺
𝑃𝑃𝑚𝑚

𝑦𝑦𝐺𝐺
𝑃𝑃𝑚𝑚

𝑧𝑧𝐺𝐺
𝑃𝑃𝑚𝑚

}          (8) 

 

{
𝑥𝑥𝐺𝐺

𝑃𝑃𝑚𝑚

𝑦𝑦𝐺𝐺
𝑃𝑃𝑚𝑚

𝑧𝑧𝐺𝐺
𝑃𝑃𝑚𝑚

} = [
cos 𝛼𝛼𝐷𝐷

𝑛𝑛 cos 𝛼𝛼𝐴𝐴
𝑛𝑛 cos 𝛼𝛼𝐷𝐷 sin 𝛼𝛼𝐴𝐴

𝑛𝑛 − sin 𝛼𝛼𝐷𝐷
𝑛𝑛

− sin 𝛼𝛼𝐷𝐷
𝑛𝑛 cos 𝛼𝛼𝐴𝐴

𝑛𝑛 0
sin 𝛼𝛼𝐷𝐷

𝑛𝑛 cos 𝛼𝛼𝐴𝐴
𝑛𝑛 sin 𝛼𝛼𝐷𝐷

𝑛𝑛 sin 𝛼𝛼𝐴𝐴
𝑛𝑛 cos 𝛼𝛼𝐷𝐷

𝑛𝑛
]
−1

{
𝑥𝑥𝐵𝐵

𝑃𝑃𝑚𝑚

𝑦𝑦𝐵𝐵
𝑃𝑃𝑚𝑚

𝑧𝑧𝐵𝐵
𝑃𝑃𝑚𝑚

}              (9) 

 

𝑂𝑂𝑃𝑃𝑚𝑚⃑⃑⃑⃑ ⃑⃑ ⃑⃑   and 𝑂𝑂𝑃𝑃𝑚𝑚′⃑⃑⃑⃑ ⃑⃑ ⃑⃑   
 

𝑂𝑂𝑃𝑃𝑚𝑚⃑⃑⃑⃑ ⃑⃑ ⃑⃑  = 𝑥𝑥𝐺𝐺
𝑃𝑃𝑚𝑚𝑖𝑖 + 𝑦𝑦𝐺𝐺

𝑃𝑃𝑚𝑚𝑗𝑗 + 𝑧𝑧𝐺𝐺
𝑃𝑃𝑚𝑚𝑘𝑘                (10) 

 
 
𝑂𝑂𝑃𝑃𝑚𝑚′⃑⃑⃑⃑ ⃑⃑ ⃑⃑  = 𝑥𝑥𝐺𝐺

𝑃𝑃𝑚𝑚𝑖𝑖 + 𝑦𝑦𝐺𝐺
𝑃𝑃𝑚𝑚𝑗𝑗                (11) 

 

, Fig. 
4. Also note that the perforation at the angles of 
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𝑧𝑧𝐵𝐵
𝑛𝑛 

 

𝑹𝑹𝑩𝑩→𝑷𝑷
𝒎𝒎 (𝛼𝛼𝑧𝑧𝐵𝐵

𝑚𝑚 , 𝛼𝛼𝑦𝑦𝐵𝐵
𝑚𝑚 ) = 𝑹𝑹𝑩𝑩→𝑷𝑷

𝟏𝟏 𝑹𝑹𝒛𝒛,𝑩𝑩(𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚 ) = [

0 0 −1
sin 𝛼𝛼𝑧𝑧𝐵𝐵

𝑚𝑚 cos 𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚 0

cos𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚 sin 𝛼𝛼𝑧𝑧𝐵𝐵

𝑚𝑚 0
]            (5) 

 

𝑹𝑹𝑮𝑮→𝑷𝑷 = 𝑹𝑹𝑮𝑮→𝑩𝑩
𝒏𝒏 (𝛼𝛼𝐴𝐴

𝑛𝑛, 𝛼𝛼𝐷𝐷
𝑛𝑛)𝑹𝑹𝑩𝑩→𝑷𝑷

𝒎𝒎 (𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚 , 𝛼𝛼𝑦𝑦𝐵𝐵

𝑚𝑚 ) = [
𝑅𝑅𝐺𝐺𝐺𝐺

11 𝑅𝑅𝐺𝐺𝐺𝐺
12 𝑅𝑅𝐺𝐺𝐺𝐺

13

𝑅𝑅𝐺𝐺𝐺𝐺
21 𝑅𝑅𝐺𝐺𝐺𝐺

22 𝑅𝑅𝐺𝐺𝐺𝐺
23

𝑅𝑅𝐺𝐺𝐺𝐺
31 𝑅𝑅𝐺𝐺𝐺𝐺

32 𝑅𝑅𝐺𝐺𝐺𝐺
33

]                    (6)      

 

𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚  

𝛼𝛼𝑧𝑧,𝐵𝐵
𝑚𝑚  

 

{
𝑥𝑥𝐵𝐵

𝑃𝑃𝑚𝑚 = 𝑅𝑅𝑜𝑜𝑜𝑜 cos 𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚

𝑦𝑦𝐵𝐵
𝑃𝑃𝑚𝑚 = 𝑅𝑅𝑜𝑜𝑜𝑜sin 𝛼𝛼𝑧𝑧𝐵𝐵

𝑚𝑚

𝑧𝑧𝐵𝐵
𝑃𝑃𝑚𝑚 = 0

                 (7) 

 

{
𝑥𝑥𝐵𝐵

𝑃𝑃𝑚𝑚

𝑦𝑦𝐵𝐵
𝑃𝑃𝑚𝑚

𝑧𝑧𝐵𝐵
𝑃𝑃𝑚𝑚

} = [
cos 𝛼𝛼𝐷𝐷

𝑛𝑛 cos 𝛼𝛼𝐴𝐴
𝑛𝑛 cos 𝛼𝛼𝐷𝐷 sin 𝛼𝛼𝐴𝐴

𝑛𝑛 − sin 𝛼𝛼𝐷𝐷
𝑛𝑛

− sin 𝛼𝛼𝐷𝐷
𝑛𝑛 cos 𝛼𝛼𝐴𝐴

𝑛𝑛 0
sin 𝛼𝛼𝐷𝐷

𝑛𝑛 cos 𝛼𝛼𝐴𝐴
𝑛𝑛 sin 𝛼𝛼𝐷𝐷

𝑛𝑛 sin 𝛼𝛼𝐴𝐴
𝑛𝑛 cos 𝛼𝛼𝐷𝐷

𝑛𝑛
]{

𝑥𝑥𝐺𝐺
𝑃𝑃𝑚𝑚

𝑦𝑦𝐺𝐺
𝑃𝑃𝑚𝑚

𝑧𝑧𝐺𝐺
𝑃𝑃𝑚𝑚

}          (8) 

 

{
𝑥𝑥𝐺𝐺

𝑃𝑃𝑚𝑚

𝑦𝑦𝐺𝐺
𝑃𝑃𝑚𝑚

𝑧𝑧𝐺𝐺
𝑃𝑃𝑚𝑚

} = [
cos 𝛼𝛼𝐷𝐷

𝑛𝑛 cos 𝛼𝛼𝐴𝐴
𝑛𝑛 cos 𝛼𝛼𝐷𝐷 sin 𝛼𝛼𝐴𝐴

𝑛𝑛 − sin 𝛼𝛼𝐷𝐷
𝑛𝑛

− sin 𝛼𝛼𝐷𝐷
𝑛𝑛 cos 𝛼𝛼𝐴𝐴

𝑛𝑛 0
sin 𝛼𝛼𝐷𝐷

𝑛𝑛 cos 𝛼𝛼𝐴𝐴
𝑛𝑛 sin 𝛼𝛼𝐷𝐷

𝑛𝑛 sin 𝛼𝛼𝐴𝐴
𝑛𝑛 cos 𝛼𝛼𝐷𝐷

𝑛𝑛
]
−1

{
𝑥𝑥𝐵𝐵

𝑃𝑃𝑚𝑚

𝑦𝑦𝐵𝐵
𝑃𝑃𝑚𝑚

𝑧𝑧𝐵𝐵
𝑃𝑃𝑚𝑚

}              (9) 

 

𝑂𝑂𝑃𝑃𝑚𝑚⃑⃑⃑⃑ ⃑⃑ ⃑⃑   and 𝑂𝑂𝑃𝑃𝑚𝑚′⃑⃑⃑⃑ ⃑⃑ ⃑⃑   
 

𝑂𝑂𝑃𝑃𝑚𝑚⃑⃑⃑⃑ ⃑⃑ ⃑⃑  = 𝑥𝑥𝐺𝐺
𝑃𝑃𝑚𝑚𝑖𝑖 + 𝑦𝑦𝐺𝐺

𝑃𝑃𝑚𝑚𝑗𝑗 + 𝑧𝑧𝐺𝐺
𝑃𝑃𝑚𝑚𝑘𝑘                (10) 

 
 
𝑂𝑂𝑃𝑃𝑚𝑚′⃑⃑⃑⃑ ⃑⃑ ⃑⃑  = 𝑥𝑥𝐺𝐺

𝑃𝑃𝑚𝑚𝑖𝑖 + 𝑦𝑦𝐺𝐺
𝑃𝑃𝑚𝑚𝑗𝑗                (11) 

 

 
and 
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𝑧𝑧𝐵𝐵
𝑛𝑛 

 

𝑹𝑹𝑩𝑩→𝑷𝑷
𝒎𝒎 (𝛼𝛼𝑧𝑧𝐵𝐵

𝑚𝑚 , 𝛼𝛼𝑦𝑦𝐵𝐵
𝑚𝑚 ) = 𝑹𝑹𝑩𝑩→𝑷𝑷

𝟏𝟏 𝑹𝑹𝒛𝒛,𝑩𝑩(𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚 ) = [

0 0 −1
sin 𝛼𝛼𝑧𝑧𝐵𝐵

𝑚𝑚 cos 𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚 0

cos𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚 sin 𝛼𝛼𝑧𝑧𝐵𝐵

𝑚𝑚 0
]            (5) 

 

𝑹𝑹𝑮𝑮→𝑷𝑷 = 𝑹𝑹𝑮𝑮→𝑩𝑩
𝒏𝒏 (𝛼𝛼𝐴𝐴

𝑛𝑛, 𝛼𝛼𝐷𝐷
𝑛𝑛)𝑹𝑹𝑩𝑩→𝑷𝑷

𝒎𝒎 (𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚 , 𝛼𝛼𝑦𝑦𝐵𝐵

𝑚𝑚 ) = [
𝑅𝑅𝐺𝐺𝐺𝐺

11 𝑅𝑅𝐺𝐺𝐺𝐺
12 𝑅𝑅𝐺𝐺𝐺𝐺

13

𝑅𝑅𝐺𝐺𝐺𝐺
21 𝑅𝑅𝐺𝐺𝐺𝐺

22 𝑅𝑅𝐺𝐺𝐺𝐺
23

𝑅𝑅𝐺𝐺𝐺𝐺
31 𝑅𝑅𝐺𝐺𝐺𝐺

32 𝑅𝑅𝐺𝐺𝐺𝐺
33

]                    (6)      

 

𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚  

𝛼𝛼𝑧𝑧,𝐵𝐵
𝑚𝑚  

 

{
𝑥𝑥𝐵𝐵

𝑃𝑃𝑚𝑚 = 𝑅𝑅𝑜𝑜𝑜𝑜 cos 𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚

𝑦𝑦𝐵𝐵
𝑃𝑃𝑚𝑚 = 𝑅𝑅𝑜𝑜𝑜𝑜sin 𝛼𝛼𝑧𝑧𝐵𝐵

𝑚𝑚

𝑧𝑧𝐵𝐵
𝑃𝑃𝑚𝑚 = 0

                 (7) 

 

{
𝑥𝑥𝐵𝐵

𝑃𝑃𝑚𝑚

𝑦𝑦𝐵𝐵
𝑃𝑃𝑚𝑚

𝑧𝑧𝐵𝐵
𝑃𝑃𝑚𝑚

} = [
cos 𝛼𝛼𝐷𝐷

𝑛𝑛 cos 𝛼𝛼𝐴𝐴
𝑛𝑛 cos 𝛼𝛼𝐷𝐷 sin 𝛼𝛼𝐴𝐴

𝑛𝑛 − sin 𝛼𝛼𝐷𝐷
𝑛𝑛

− sin 𝛼𝛼𝐷𝐷
𝑛𝑛 cos 𝛼𝛼𝐴𝐴

𝑛𝑛 0
sin 𝛼𝛼𝐷𝐷

𝑛𝑛 cos 𝛼𝛼𝐴𝐴
𝑛𝑛 sin 𝛼𝛼𝐷𝐷

𝑛𝑛 sin 𝛼𝛼𝐴𝐴
𝑛𝑛 cos 𝛼𝛼𝐷𝐷

𝑛𝑛
]{

𝑥𝑥𝐺𝐺
𝑃𝑃𝑚𝑚

𝑦𝑦𝐺𝐺
𝑃𝑃𝑚𝑚

𝑧𝑧𝐺𝐺
𝑃𝑃𝑚𝑚

}          (8) 

 

{
𝑥𝑥𝐺𝐺

𝑃𝑃𝑚𝑚

𝑦𝑦𝐺𝐺
𝑃𝑃𝑚𝑚

𝑧𝑧𝐺𝐺
𝑃𝑃𝑚𝑚

} = [
cos 𝛼𝛼𝐷𝐷

𝑛𝑛 cos 𝛼𝛼𝐴𝐴
𝑛𝑛 cos 𝛼𝛼𝐷𝐷 sin 𝛼𝛼𝐴𝐴

𝑛𝑛 − sin 𝛼𝛼𝐷𝐷
𝑛𝑛

− sin 𝛼𝛼𝐷𝐷
𝑛𝑛 cos 𝛼𝛼𝐴𝐴

𝑛𝑛 0
sin 𝛼𝛼𝐷𝐷

𝑛𝑛 cos 𝛼𝛼𝐴𝐴
𝑛𝑛 sin 𝛼𝛼𝐷𝐷

𝑛𝑛 sin 𝛼𝛼𝐴𝐴
𝑛𝑛 cos 𝛼𝛼𝐷𝐷

𝑛𝑛
]
−1

{
𝑥𝑥𝐵𝐵

𝑃𝑃𝑚𝑚

𝑦𝑦𝐵𝐵
𝑃𝑃𝑚𝑚

𝑧𝑧𝐵𝐵
𝑃𝑃𝑚𝑚

}              (9) 

 

𝑂𝑂𝑃𝑃𝑚𝑚⃑⃑⃑⃑ ⃑⃑ ⃑⃑   and 𝑂𝑂𝑃𝑃𝑚𝑚′⃑⃑⃑⃑ ⃑⃑ ⃑⃑   
 

𝑂𝑂𝑃𝑃𝑚𝑚⃑⃑⃑⃑ ⃑⃑ ⃑⃑  = 𝑥𝑥𝐺𝐺
𝑃𝑃𝑚𝑚𝑖𝑖 + 𝑦𝑦𝐺𝐺

𝑃𝑃𝑚𝑚𝑗𝑗 + 𝑧𝑧𝐺𝐺
𝑃𝑃𝑚𝑚𝑘𝑘                (10) 

 
 
𝑂𝑂𝑃𝑃𝑚𝑚′⃑⃑⃑⃑ ⃑⃑ ⃑⃑  = 𝑥𝑥𝐺𝐺

𝑃𝑃𝑚𝑚𝑖𝑖 + 𝑦𝑦𝐺𝐺
𝑃𝑃𝑚𝑚𝑗𝑗                (11) 

 

 + 180° require the same amount of breakdown 
pressure. Therefore, the angle 
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𝑧𝑧𝐵𝐵
𝑛𝑛 

 

𝑹𝑹𝑩𝑩→𝑷𝑷
𝒎𝒎 (𝛼𝛼𝑧𝑧𝐵𝐵

𝑚𝑚 , 𝛼𝛼𝑦𝑦𝐵𝐵
𝑚𝑚 ) = 𝑹𝑹𝑩𝑩→𝑷𝑷

𝟏𝟏 𝑹𝑹𝒛𝒛,𝑩𝑩(𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚 ) = [

0 0 −1
sin 𝛼𝛼𝑧𝑧𝐵𝐵

𝑚𝑚 cos 𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚 0

cos𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚 sin 𝛼𝛼𝑧𝑧𝐵𝐵

𝑚𝑚 0
]            (5) 

 

𝑹𝑹𝑮𝑮→𝑷𝑷 = 𝑹𝑹𝑮𝑮→𝑩𝑩
𝒏𝒏 (𝛼𝛼𝐴𝐴

𝑛𝑛, 𝛼𝛼𝐷𝐷
𝑛𝑛)𝑹𝑹𝑩𝑩→𝑷𝑷

𝒎𝒎 (𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚 , 𝛼𝛼𝑦𝑦𝐵𝐵

𝑚𝑚 ) = [
𝑅𝑅𝐺𝐺𝐺𝐺

11 𝑅𝑅𝐺𝐺𝐺𝐺
12 𝑅𝑅𝐺𝐺𝐺𝐺

13

𝑅𝑅𝐺𝐺𝐺𝐺
21 𝑅𝑅𝐺𝐺𝐺𝐺

22 𝑅𝑅𝐺𝐺𝐺𝐺
23

𝑅𝑅𝐺𝐺𝐺𝐺
31 𝑅𝑅𝐺𝐺𝐺𝐺

32 𝑅𝑅𝐺𝐺𝐺𝐺
33

]                    (6)      

 

𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚  

𝛼𝛼𝑧𝑧,𝐵𝐵
𝑚𝑚  

 

{
𝑥𝑥𝐵𝐵

𝑃𝑃𝑚𝑚 = 𝑅𝑅𝑜𝑜𝑜𝑜 cos 𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚

𝑦𝑦𝐵𝐵
𝑃𝑃𝑚𝑚 = 𝑅𝑅𝑜𝑜𝑜𝑜sin 𝛼𝛼𝑧𝑧𝐵𝐵

𝑚𝑚

𝑧𝑧𝐵𝐵
𝑃𝑃𝑚𝑚 = 0

                 (7) 

 

{
𝑥𝑥𝐵𝐵

𝑃𝑃𝑚𝑚

𝑦𝑦𝐵𝐵
𝑃𝑃𝑚𝑚

𝑧𝑧𝐵𝐵
𝑃𝑃𝑚𝑚

} = [
cos 𝛼𝛼𝐷𝐷

𝑛𝑛 cos 𝛼𝛼𝐴𝐴
𝑛𝑛 cos 𝛼𝛼𝐷𝐷 sin 𝛼𝛼𝐴𝐴

𝑛𝑛 − sin 𝛼𝛼𝐷𝐷
𝑛𝑛

− sin 𝛼𝛼𝐷𝐷
𝑛𝑛 cos 𝛼𝛼𝐴𝐴

𝑛𝑛 0
sin 𝛼𝛼𝐷𝐷

𝑛𝑛 cos 𝛼𝛼𝐴𝐴
𝑛𝑛 sin 𝛼𝛼𝐷𝐷

𝑛𝑛 sin 𝛼𝛼𝐴𝐴
𝑛𝑛 cos 𝛼𝛼𝐷𝐷

𝑛𝑛
]{

𝑥𝑥𝐺𝐺
𝑃𝑃𝑚𝑚

𝑦𝑦𝐺𝐺
𝑃𝑃𝑚𝑚

𝑧𝑧𝐺𝐺
𝑃𝑃𝑚𝑚

}          (8) 

 

{
𝑥𝑥𝐺𝐺

𝑃𝑃𝑚𝑚

𝑦𝑦𝐺𝐺
𝑃𝑃𝑚𝑚

𝑧𝑧𝐺𝐺
𝑃𝑃𝑚𝑚

} = [
cos 𝛼𝛼𝐷𝐷

𝑛𝑛 cos 𝛼𝛼𝐴𝐴
𝑛𝑛 cos 𝛼𝛼𝐷𝐷 sin 𝛼𝛼𝐴𝐴

𝑛𝑛 − sin 𝛼𝛼𝐷𝐷
𝑛𝑛

− sin 𝛼𝛼𝐷𝐷
𝑛𝑛 cos 𝛼𝛼𝐴𝐴

𝑛𝑛 0
sin 𝛼𝛼𝐷𝐷

𝑛𝑛 cos 𝛼𝛼𝐴𝐴
𝑛𝑛 sin 𝛼𝛼𝐷𝐷

𝑛𝑛 sin 𝛼𝛼𝐴𝐴
𝑛𝑛 cos 𝛼𝛼𝐷𝐷

𝑛𝑛
]
−1

{
𝑥𝑥𝐵𝐵

𝑃𝑃𝑚𝑚

𝑦𝑦𝐵𝐵
𝑃𝑃𝑚𝑚

𝑧𝑧𝐵𝐵
𝑃𝑃𝑚𝑚

}              (9) 

 

𝑂𝑂𝑃𝑃𝑚𝑚⃑⃑⃑⃑ ⃑⃑ ⃑⃑   and 𝑂𝑂𝑃𝑃𝑚𝑚′⃑⃑⃑⃑ ⃑⃑ ⃑⃑   
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 can be obtained by 
calculating the breakdown pressure ranging from 0° to 
360°. Once we find the lowest breakdown pressure for 
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can be obtained. The perforation phase angles can be 
directly used to calculate the perforation azimuth and 
perforation dip in the translated global coordinate. 

For this purpose, we calculate the azimuth and dip 
angle of the perforation tunnels with minimum break-
down pressure for each perforation cluster. It can be 
used for executing oriented perforations in a downhole 
operation. As indicated in Fig. 4, Pm is used to denote the 
intersection point of the perforation and the wellbore. 
The coordinates of point Pm in the wellbore coordinate 
system can be calculated as follows:
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	 7

where Roc is the radius of the cement. The coordinates of 
the point Pm in the wellbore coordinate system and the 

Fig. 4  The projection of the wellbore’s perforation intersection point on the translated global coordinate system.
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global coordinate system are transformed by: 
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} = [
cos 𝛼𝛼𝐷𝐷

𝑛𝑛 cos 𝛼𝛼𝐴𝐴
𝑛𝑛 cos 𝛼𝛼𝐷𝐷 sin 𝛼𝛼𝐴𝐴

𝑛𝑛 − sin 𝛼𝛼𝐷𝐷
𝑛𝑛

− sin 𝛼𝛼𝐷𝐷
𝑛𝑛 cos 𝛼𝛼𝐴𝐴

𝑛𝑛 0
sin 𝛼𝛼𝐷𝐷

𝑛𝑛 cos 𝛼𝛼𝐴𝐴
𝑛𝑛 sin 𝛼𝛼𝐷𝐷

𝑛𝑛 sin 𝛼𝛼𝐴𝐴
𝑛𝑛 cos 𝛼𝛼𝐷𝐷

𝑛𝑛
]
−1

{
𝑥𝑥𝐵𝐵

𝑃𝑃𝑚𝑚

𝑦𝑦𝐵𝐵
𝑃𝑃𝑚𝑚

𝑧𝑧𝐵𝐵
𝑃𝑃𝑚𝑚

}              (9) 

 

𝑂𝑂𝑃𝑃𝑚𝑚⃑⃑⃑⃑ ⃑⃑ ⃑⃑   and 𝑂𝑂𝑃𝑃𝑚𝑚′⃑⃑⃑⃑ ⃑⃑ ⃑⃑   
 

𝑂𝑂𝑃𝑃𝑚𝑚⃑⃑⃑⃑ ⃑⃑ ⃑⃑  = 𝑥𝑥𝐺𝐺
𝑃𝑃𝑚𝑚𝑖𝑖 + 𝑦𝑦𝐺𝐺

𝑃𝑃𝑚𝑚𝑗𝑗 + 𝑧𝑧𝐺𝐺
𝑃𝑃𝑚𝑚𝑘𝑘                (10) 

 
 
𝑂𝑂𝑃𝑃𝑚𝑚′⃑⃑⃑⃑ ⃑⃑ ⃑⃑  = 𝑥𝑥𝐺𝐺

𝑃𝑃𝑚𝑚𝑖𝑖 + 𝑦𝑦𝐺𝐺
𝑃𝑃𝑚𝑚𝑗𝑗                (11) 
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𝑧𝑧𝐵𝐵
𝑛𝑛 

 

𝑹𝑹𝑩𝑩→𝑷𝑷
𝒎𝒎 (𝛼𝛼𝑧𝑧𝐵𝐵

𝑚𝑚 , 𝛼𝛼𝑦𝑦𝐵𝐵
𝑚𝑚 ) = 𝑹𝑹𝑩𝑩→𝑷𝑷

𝟏𝟏 𝑹𝑹𝒛𝒛,𝑩𝑩(𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚 ) = [

0 0 −1
sin 𝛼𝛼𝑧𝑧𝐵𝐵

𝑚𝑚 cos 𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚 0

cos𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚 sin 𝛼𝛼𝑧𝑧𝐵𝐵

𝑚𝑚 0
]            (5) 

 

𝑹𝑹𝑮𝑮→𝑷𝑷 = 𝑹𝑹𝑮𝑮→𝑩𝑩
𝒏𝒏 (𝛼𝛼𝐴𝐴

𝑛𝑛, 𝛼𝛼𝐷𝐷
𝑛𝑛)𝑹𝑹𝑩𝑩→𝑷𝑷

𝒎𝒎 (𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚 , 𝛼𝛼𝑦𝑦𝐵𝐵

𝑚𝑚 ) = [
𝑅𝑅𝐺𝐺𝐺𝐺

11 𝑅𝑅𝐺𝐺𝐺𝐺
12 𝑅𝑅𝐺𝐺𝐺𝐺

13

𝑅𝑅𝐺𝐺𝐺𝐺
21 𝑅𝑅𝐺𝐺𝐺𝐺

22 𝑅𝑅𝐺𝐺𝐺𝐺
23

𝑅𝑅𝐺𝐺𝐺𝐺
31 𝑅𝑅𝐺𝐺𝐺𝐺

32 𝑅𝑅𝐺𝐺𝐺𝐺
33

]                    (6)      

 

𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚  

𝛼𝛼𝑧𝑧,𝐵𝐵
𝑚𝑚  

 

{
𝑥𝑥𝐵𝐵

𝑃𝑃𝑚𝑚 = 𝑅𝑅𝑜𝑜𝑜𝑜 cos 𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚

𝑦𝑦𝐵𝐵
𝑃𝑃𝑚𝑚 = 𝑅𝑅𝑜𝑜𝑜𝑜sin 𝛼𝛼𝑧𝑧𝐵𝐵

𝑚𝑚

𝑧𝑧𝐵𝐵
𝑃𝑃𝑚𝑚 = 0

                 (7) 

 

{
𝑥𝑥𝐵𝐵

𝑃𝑃𝑚𝑚

𝑦𝑦𝐵𝐵
𝑃𝑃𝑚𝑚

𝑧𝑧𝐵𝐵
𝑃𝑃𝑚𝑚

} = [
cos 𝛼𝛼𝐷𝐷

𝑛𝑛 cos 𝛼𝛼𝐴𝐴
𝑛𝑛 cos 𝛼𝛼𝐷𝐷 sin 𝛼𝛼𝐴𝐴

𝑛𝑛 − sin 𝛼𝛼𝐷𝐷
𝑛𝑛

− sin 𝛼𝛼𝐷𝐷
𝑛𝑛 cos 𝛼𝛼𝐴𝐴

𝑛𝑛 0
sin 𝛼𝛼𝐷𝐷

𝑛𝑛 cos 𝛼𝛼𝐴𝐴
𝑛𝑛 sin 𝛼𝛼𝐷𝐷

𝑛𝑛 sin 𝛼𝛼𝐴𝐴
𝑛𝑛 cos 𝛼𝛼𝐷𝐷

𝑛𝑛
]{

𝑥𝑥𝐺𝐺
𝑃𝑃𝑚𝑚

𝑦𝑦𝐺𝐺
𝑃𝑃𝑚𝑚

𝑧𝑧𝐺𝐺
𝑃𝑃𝑚𝑚

}          (8) 

 

{
𝑥𝑥𝐺𝐺

𝑃𝑃𝑚𝑚

𝑦𝑦𝐺𝐺
𝑃𝑃𝑚𝑚

𝑧𝑧𝐺𝐺
𝑃𝑃𝑚𝑚

} = [
cos 𝛼𝛼𝐷𝐷

𝑛𝑛 cos 𝛼𝛼𝐴𝐴
𝑛𝑛 cos 𝛼𝛼𝐷𝐷 sin 𝛼𝛼𝐴𝐴

𝑛𝑛 − sin 𝛼𝛼𝐷𝐷
𝑛𝑛

− sin 𝛼𝛼𝐷𝐷
𝑛𝑛 cos 𝛼𝛼𝐴𝐴

𝑛𝑛 0
sin 𝛼𝛼𝐷𝐷

𝑛𝑛 cos 𝛼𝛼𝐴𝐴
𝑛𝑛 sin 𝛼𝛼𝐷𝐷

𝑛𝑛 sin 𝛼𝛼𝐴𝐴
𝑛𝑛 cos 𝛼𝛼𝐷𝐷

𝑛𝑛
]
−1

{
𝑥𝑥𝐵𝐵

𝑃𝑃𝑚𝑚

𝑦𝑦𝐵𝐵
𝑃𝑃𝑚𝑚

𝑧𝑧𝐵𝐵
𝑃𝑃𝑚𝑚

}              (9) 

 

𝑂𝑂𝑃𝑃𝑚𝑚⃑⃑⃑⃑ ⃑⃑ ⃑⃑   and 𝑂𝑂𝑃𝑃𝑚𝑚′⃑⃑⃑⃑ ⃑⃑ ⃑⃑   
 

𝑂𝑂𝑃𝑃𝑚𝑚⃑⃑⃑⃑ ⃑⃑ ⃑⃑  = 𝑥𝑥𝐺𝐺
𝑃𝑃𝑚𝑚𝑖𝑖 + 𝑦𝑦𝐺𝐺

𝑃𝑃𝑚𝑚𝑗𝑗 + 𝑧𝑧𝐺𝐺
𝑃𝑃𝑚𝑚𝑘𝑘                (10) 

 
 
𝑂𝑂𝑃𝑃𝑚𝑚′⃑⃑⃑⃑ ⃑⃑ ⃑⃑  = 𝑥𝑥𝐺𝐺

𝑃𝑃𝑚𝑚𝑖𝑖 + 𝑦𝑦𝐺𝐺
𝑃𝑃𝑚𝑚𝑗𝑗                (11) 

 

	 8

Therefore, the coordinates of point Pm in the translated 
global coordinate system can be obtained by:
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𝑧𝑧𝐵𝐵
𝑛𝑛 

 

𝑹𝑹𝑩𝑩→𝑷𝑷
𝒎𝒎 (𝛼𝛼𝑧𝑧𝐵𝐵

𝑚𝑚 , 𝛼𝛼𝑦𝑦𝐵𝐵
𝑚𝑚 ) = 𝑹𝑹𝑩𝑩→𝑷𝑷

𝟏𝟏 𝑹𝑹𝒛𝒛,𝑩𝑩(𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚 ) = [

0 0 −1
sin 𝛼𝛼𝑧𝑧𝐵𝐵

𝑚𝑚 cos 𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚 0

cos𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚 sin 𝛼𝛼𝑧𝑧𝐵𝐵

𝑚𝑚 0
]            (5) 

 

𝑹𝑹𝑮𝑮→𝑷𝑷 = 𝑹𝑹𝑮𝑮→𝑩𝑩
𝒏𝒏 (𝛼𝛼𝐴𝐴

𝑛𝑛, 𝛼𝛼𝐷𝐷
𝑛𝑛)𝑹𝑹𝑩𝑩→𝑷𝑷

𝒎𝒎 (𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚 , 𝛼𝛼𝑦𝑦𝐵𝐵

𝑚𝑚 ) = [
𝑅𝑅𝐺𝐺𝐺𝐺

11 𝑅𝑅𝐺𝐺𝐺𝐺
12 𝑅𝑅𝐺𝐺𝐺𝐺

13

𝑅𝑅𝐺𝐺𝐺𝐺
21 𝑅𝑅𝐺𝐺𝐺𝐺

22 𝑅𝑅𝐺𝐺𝐺𝐺
23

𝑅𝑅𝐺𝐺𝐺𝐺
31 𝑅𝑅𝐺𝐺𝐺𝐺

32 𝑅𝑅𝐺𝐺𝐺𝐺
33

]                    (6)      

 

𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚  

𝛼𝛼𝑧𝑧,𝐵𝐵
𝑚𝑚  

 

{
𝑥𝑥𝐵𝐵

𝑃𝑃𝑚𝑚 = 𝑅𝑅𝑜𝑜𝑜𝑜 cos 𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚

𝑦𝑦𝐵𝐵
𝑃𝑃𝑚𝑚 = 𝑅𝑅𝑜𝑜𝑜𝑜sin 𝛼𝛼𝑧𝑧𝐵𝐵

𝑚𝑚

𝑧𝑧𝐵𝐵
𝑃𝑃𝑚𝑚 = 0

                 (7) 

 

{
𝑥𝑥𝐵𝐵

𝑃𝑃𝑚𝑚

𝑦𝑦𝐵𝐵
𝑃𝑃𝑚𝑚

𝑧𝑧𝐵𝐵
𝑃𝑃𝑚𝑚

} = [
cos 𝛼𝛼𝐷𝐷

𝑛𝑛 cos 𝛼𝛼𝐴𝐴
𝑛𝑛 cos 𝛼𝛼𝐷𝐷 sin 𝛼𝛼𝐴𝐴

𝑛𝑛 − sin 𝛼𝛼𝐷𝐷
𝑛𝑛

− sin 𝛼𝛼𝐷𝐷
𝑛𝑛 cos 𝛼𝛼𝐴𝐴

𝑛𝑛 0
sin 𝛼𝛼𝐷𝐷

𝑛𝑛 cos 𝛼𝛼𝐴𝐴
𝑛𝑛 sin 𝛼𝛼𝐷𝐷

𝑛𝑛 sin 𝛼𝛼𝐴𝐴
𝑛𝑛 cos 𝛼𝛼𝐷𝐷

𝑛𝑛
]{

𝑥𝑥𝐺𝐺
𝑃𝑃𝑚𝑚

𝑦𝑦𝐺𝐺
𝑃𝑃𝑚𝑚

𝑧𝑧𝐺𝐺
𝑃𝑃𝑚𝑚

}          (8) 

 

{
𝑥𝑥𝐺𝐺

𝑃𝑃𝑚𝑚

𝑦𝑦𝐺𝐺
𝑃𝑃𝑚𝑚

𝑧𝑧𝐺𝐺
𝑃𝑃𝑚𝑚

} = [
cos 𝛼𝛼𝐷𝐷

𝑛𝑛 cos 𝛼𝛼𝐴𝐴
𝑛𝑛 cos 𝛼𝛼𝐷𝐷 sin 𝛼𝛼𝐴𝐴

𝑛𝑛 − sin 𝛼𝛼𝐷𝐷
𝑛𝑛

− sin 𝛼𝛼𝐷𝐷
𝑛𝑛 cos 𝛼𝛼𝐴𝐴

𝑛𝑛 0
sin 𝛼𝛼𝐷𝐷

𝑛𝑛 cos 𝛼𝛼𝐴𝐴
𝑛𝑛 sin 𝛼𝛼𝐷𝐷

𝑛𝑛 sin 𝛼𝛼𝐴𝐴
𝑛𝑛 cos 𝛼𝛼𝐷𝐷

𝑛𝑛
]
−1

{
𝑥𝑥𝐵𝐵

𝑃𝑃𝑚𝑚

𝑦𝑦𝐵𝐵
𝑃𝑃𝑚𝑚

𝑧𝑧𝐵𝐵
𝑃𝑃𝑚𝑚

}              (9) 

 

𝑂𝑂𝑃𝑃𝑚𝑚⃑⃑⃑⃑ ⃑⃑ ⃑⃑   and 𝑂𝑂𝑃𝑃𝑚𝑚′⃑⃑⃑⃑ ⃑⃑ ⃑⃑   
 

𝑂𝑂𝑃𝑃𝑚𝑚⃑⃑⃑⃑ ⃑⃑ ⃑⃑  = 𝑥𝑥𝐺𝐺
𝑃𝑃𝑚𝑚𝑖𝑖 + 𝑦𝑦𝐺𝐺

𝑃𝑃𝑚𝑚𝑗𝑗 + 𝑧𝑧𝐺𝐺
𝑃𝑃𝑚𝑚𝑘𝑘                (10) 

 
 
𝑂𝑂𝑃𝑃𝑚𝑚′⃑⃑⃑⃑ ⃑⃑ ⃑⃑  = 𝑥𝑥𝐺𝐺

𝑃𝑃𝑚𝑚𝑖𝑖 + 𝑦𝑦𝐺𝐺
𝑃𝑃𝑚𝑚𝑗𝑗                (11) 
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𝑧𝑧𝐵𝐵
𝑛𝑛 

 

𝑹𝑹𝑩𝑩→𝑷𝑷
𝒎𝒎 (𝛼𝛼𝑧𝑧𝐵𝐵

𝑚𝑚 , 𝛼𝛼𝑦𝑦𝐵𝐵
𝑚𝑚 ) = 𝑹𝑹𝑩𝑩→𝑷𝑷

𝟏𝟏 𝑹𝑹𝒛𝒛,𝑩𝑩(𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚 ) = [

0 0 −1
sin 𝛼𝛼𝑧𝑧𝐵𝐵

𝑚𝑚 cos 𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚 0

cos𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚 sin 𝛼𝛼𝑧𝑧𝐵𝐵

𝑚𝑚 0
]            (5) 

 

𝑹𝑹𝑮𝑮→𝑷𝑷 = 𝑹𝑹𝑮𝑮→𝑩𝑩
𝒏𝒏 (𝛼𝛼𝐴𝐴

𝑛𝑛, 𝛼𝛼𝐷𝐷
𝑛𝑛)𝑹𝑹𝑩𝑩→𝑷𝑷

𝒎𝒎 (𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚 , 𝛼𝛼𝑦𝑦𝐵𝐵

𝑚𝑚 ) = [
𝑅𝑅𝐺𝐺𝐺𝐺

11 𝑅𝑅𝐺𝐺𝐺𝐺
12 𝑅𝑅𝐺𝐺𝐺𝐺

13

𝑅𝑅𝐺𝐺𝐺𝐺
21 𝑅𝑅𝐺𝐺𝐺𝐺

22 𝑅𝑅𝐺𝐺𝐺𝐺
23

𝑅𝑅𝐺𝐺𝐺𝐺
31 𝑅𝑅𝐺𝐺𝐺𝐺

32 𝑅𝑅𝐺𝐺𝐺𝐺
33

]                    (6)      

 

𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚  

𝛼𝛼𝑧𝑧,𝐵𝐵
𝑚𝑚  

 

{
𝑥𝑥𝐵𝐵

𝑃𝑃𝑚𝑚 = 𝑅𝑅𝑜𝑜𝑜𝑜 cos 𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚

𝑦𝑦𝐵𝐵
𝑃𝑃𝑚𝑚 = 𝑅𝑅𝑜𝑜𝑜𝑜sin 𝛼𝛼𝑧𝑧𝐵𝐵

𝑚𝑚

𝑧𝑧𝐵𝐵
𝑃𝑃𝑚𝑚 = 0

                 (7) 

 

{
𝑥𝑥𝐵𝐵

𝑃𝑃𝑚𝑚

𝑦𝑦𝐵𝐵
𝑃𝑃𝑚𝑚

𝑧𝑧𝐵𝐵
𝑃𝑃𝑚𝑚

} = [
cos 𝛼𝛼𝐷𝐷

𝑛𝑛 cos 𝛼𝛼𝐴𝐴
𝑛𝑛 cos 𝛼𝛼𝐷𝐷 sin 𝛼𝛼𝐴𝐴

𝑛𝑛 − sin 𝛼𝛼𝐷𝐷
𝑛𝑛

− sin 𝛼𝛼𝐷𝐷
𝑛𝑛 cos 𝛼𝛼𝐴𝐴

𝑛𝑛 0
sin 𝛼𝛼𝐷𝐷

𝑛𝑛 cos 𝛼𝛼𝐴𝐴
𝑛𝑛 sin 𝛼𝛼𝐷𝐷

𝑛𝑛 sin 𝛼𝛼𝐴𝐴
𝑛𝑛 cos 𝛼𝛼𝐷𝐷

𝑛𝑛
]{

𝑥𝑥𝐺𝐺
𝑃𝑃𝑚𝑚

𝑦𝑦𝐺𝐺
𝑃𝑃𝑚𝑚

𝑧𝑧𝐺𝐺
𝑃𝑃𝑚𝑚

}          (8) 

 

{
𝑥𝑥𝐺𝐺

𝑃𝑃𝑚𝑚

𝑦𝑦𝐺𝐺
𝑃𝑃𝑚𝑚

𝑧𝑧𝐺𝐺
𝑃𝑃𝑚𝑚

} = [
cos 𝛼𝛼𝐷𝐷

𝑛𝑛 cos 𝛼𝛼𝐴𝐴
𝑛𝑛 cos 𝛼𝛼𝐷𝐷 sin 𝛼𝛼𝐴𝐴

𝑛𝑛 − sin 𝛼𝛼𝐷𝐷
𝑛𝑛

− sin 𝛼𝛼𝐷𝐷
𝑛𝑛 cos 𝛼𝛼𝐴𝐴

𝑛𝑛 0
sin 𝛼𝛼𝐷𝐷

𝑛𝑛 cos 𝛼𝛼𝐴𝐴
𝑛𝑛 sin 𝛼𝛼𝐷𝐷

𝑛𝑛 sin 𝛼𝛼𝐴𝐴
𝑛𝑛 cos 𝛼𝛼𝐷𝐷

𝑛𝑛
]
−1

{
𝑥𝑥𝐵𝐵

𝑃𝑃𝑚𝑚

𝑦𝑦𝐵𝐵
𝑃𝑃𝑚𝑚

𝑧𝑧𝐵𝐵
𝑃𝑃𝑚𝑚

}              (9) 

 

𝑂𝑂𝑃𝑃𝑚𝑚⃑⃑⃑⃑ ⃑⃑ ⃑⃑   and 𝑂𝑂𝑃𝑃𝑚𝑚′⃑⃑⃑⃑ ⃑⃑ ⃑⃑   
 

𝑂𝑂𝑃𝑃𝑚𝑚⃑⃑⃑⃑ ⃑⃑ ⃑⃑  = 𝑥𝑥𝐺𝐺
𝑃𝑃𝑚𝑚𝑖𝑖 + 𝑦𝑦𝐺𝐺

𝑃𝑃𝑚𝑚𝑗𝑗 + 𝑧𝑧𝐺𝐺
𝑃𝑃𝑚𝑚𝑘𝑘                (10) 

 
 
𝑂𝑂𝑃𝑃𝑚𝑚′⃑⃑⃑⃑ ⃑⃑ ⃑⃑  = 𝑥𝑥𝐺𝐺

𝑃𝑃𝑚𝑚𝑖𝑖 + 𝑦𝑦𝐺𝐺
𝑃𝑃𝑚𝑚𝑗𝑗                (11) 

 

	 9

The inverse of the rotation matrix can be obtained 
analytically or by numerical method. Once the coor-
dinates of point Pm in the translated global coordinate 
system is obtained, the vectors of 
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𝑧𝑧𝐵𝐵
𝑛𝑛 

 

𝑹𝑹𝑩𝑩→𝑷𝑷
𝒎𝒎 (𝛼𝛼𝑧𝑧𝐵𝐵

𝑚𝑚 , 𝛼𝛼𝑦𝑦𝐵𝐵
𝑚𝑚 ) = 𝑹𝑹𝑩𝑩→𝑷𝑷

𝟏𝟏 𝑹𝑹𝒛𝒛,𝑩𝑩(𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚 ) = [

0 0 −1
sin 𝛼𝛼𝑧𝑧𝐵𝐵

𝑚𝑚 cos 𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚 0

cos𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚 sin 𝛼𝛼𝑧𝑧𝐵𝐵

𝑚𝑚 0
]            (5) 

 

𝑹𝑹𝑮𝑮→𝑷𝑷 = 𝑹𝑹𝑮𝑮→𝑩𝑩
𝒏𝒏 (𝛼𝛼𝐴𝐴

𝑛𝑛, 𝛼𝛼𝐷𝐷
𝑛𝑛)𝑹𝑹𝑩𝑩→𝑷𝑷

𝒎𝒎 (𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚 , 𝛼𝛼𝑦𝑦𝐵𝐵

𝑚𝑚 ) = [
𝑅𝑅𝐺𝐺𝐺𝐺

11 𝑅𝑅𝐺𝐺𝐺𝐺
12 𝑅𝑅𝐺𝐺𝐺𝐺

13

𝑅𝑅𝐺𝐺𝐺𝐺
21 𝑅𝑅𝐺𝐺𝐺𝐺

22 𝑅𝑅𝐺𝐺𝐺𝐺
23

𝑅𝑅𝐺𝐺𝐺𝐺
31 𝑅𝑅𝐺𝐺𝐺𝐺

32 𝑅𝑅𝐺𝐺𝐺𝐺
33

]                    (6)      

 

𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚  

𝛼𝛼𝑧𝑧,𝐵𝐵
𝑚𝑚  

 

{
𝑥𝑥𝐵𝐵

𝑃𝑃𝑚𝑚 = 𝑅𝑅𝑜𝑜𝑜𝑜 cos 𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚

𝑦𝑦𝐵𝐵
𝑃𝑃𝑚𝑚 = 𝑅𝑅𝑜𝑜𝑜𝑜sin 𝛼𝛼𝑧𝑧𝐵𝐵

𝑚𝑚

𝑧𝑧𝐵𝐵
𝑃𝑃𝑚𝑚 = 0

                 (7) 

 

{
𝑥𝑥𝐵𝐵

𝑃𝑃𝑚𝑚

𝑦𝑦𝐵𝐵
𝑃𝑃𝑚𝑚

𝑧𝑧𝐵𝐵
𝑃𝑃𝑚𝑚

} = [
cos 𝛼𝛼𝐷𝐷

𝑛𝑛 cos 𝛼𝛼𝐴𝐴
𝑛𝑛 cos 𝛼𝛼𝐷𝐷 sin 𝛼𝛼𝐴𝐴

𝑛𝑛 − sin 𝛼𝛼𝐷𝐷
𝑛𝑛

− sin 𝛼𝛼𝐷𝐷
𝑛𝑛 cos 𝛼𝛼𝐴𝐴

𝑛𝑛 0
sin 𝛼𝛼𝐷𝐷

𝑛𝑛 cos 𝛼𝛼𝐴𝐴
𝑛𝑛 sin 𝛼𝛼𝐷𝐷

𝑛𝑛 sin 𝛼𝛼𝐴𝐴
𝑛𝑛 cos 𝛼𝛼𝐷𝐷

𝑛𝑛
]{

𝑥𝑥𝐺𝐺
𝑃𝑃𝑚𝑚

𝑦𝑦𝐺𝐺
𝑃𝑃𝑚𝑚

𝑧𝑧𝐺𝐺
𝑃𝑃𝑚𝑚

}          (8) 

 

{
𝑥𝑥𝐺𝐺

𝑃𝑃𝑚𝑚

𝑦𝑦𝐺𝐺
𝑃𝑃𝑚𝑚

𝑧𝑧𝐺𝐺
𝑃𝑃𝑚𝑚

} = [
cos 𝛼𝛼𝐷𝐷

𝑛𝑛 cos 𝛼𝛼𝐴𝐴
𝑛𝑛 cos 𝛼𝛼𝐷𝐷 sin 𝛼𝛼𝐴𝐴

𝑛𝑛 − sin 𝛼𝛼𝐷𝐷
𝑛𝑛

− sin 𝛼𝛼𝐷𝐷
𝑛𝑛 cos 𝛼𝛼𝐴𝐴

𝑛𝑛 0
sin 𝛼𝛼𝐷𝐷

𝑛𝑛 cos 𝛼𝛼𝐴𝐴
𝑛𝑛 sin 𝛼𝛼𝐷𝐷

𝑛𝑛 sin 𝛼𝛼𝐴𝐴
𝑛𝑛 cos 𝛼𝛼𝐷𝐷

𝑛𝑛
]
−1

{
𝑥𝑥𝐵𝐵

𝑃𝑃𝑚𝑚

𝑦𝑦𝐵𝐵
𝑃𝑃𝑚𝑚

𝑧𝑧𝐵𝐵
𝑃𝑃𝑚𝑚

}              (9) 

 

𝑂𝑂𝑃𝑃𝑚𝑚⃑⃑⃑⃑ ⃑⃑ ⃑⃑   and 𝑂𝑂𝑃𝑃𝑚𝑚′⃑⃑⃑⃑ ⃑⃑ ⃑⃑   
 

𝑂𝑂𝑃𝑃𝑚𝑚⃑⃑⃑⃑ ⃑⃑ ⃑⃑  = 𝑥𝑥𝐺𝐺
𝑃𝑃𝑚𝑚𝑖𝑖 + 𝑦𝑦𝐺𝐺

𝑃𝑃𝑚𝑚𝑗𝑗 + 𝑧𝑧𝐺𝐺
𝑃𝑃𝑚𝑚𝑘𝑘                (10) 

 
 
𝑂𝑂𝑃𝑃𝑚𝑚′⃑⃑⃑⃑ ⃑⃑ ⃑⃑  = 𝑥𝑥𝐺𝐺

𝑃𝑃𝑚𝑚𝑖𝑖 + 𝑦𝑦𝐺𝐺
𝑃𝑃𝑚𝑚𝑗𝑗                (11) 

 

 and 
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𝑧𝑧𝐵𝐵
𝑛𝑛 

 

𝑹𝑹𝑩𝑩→𝑷𝑷
𝒎𝒎 (𝛼𝛼𝑧𝑧𝐵𝐵

𝑚𝑚 , 𝛼𝛼𝑦𝑦𝐵𝐵
𝑚𝑚 ) = 𝑹𝑹𝑩𝑩→𝑷𝑷

𝟏𝟏 𝑹𝑹𝒛𝒛,𝑩𝑩(𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚 ) = [

0 0 −1
sin 𝛼𝛼𝑧𝑧𝐵𝐵

𝑚𝑚 cos 𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚 0

cos𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚 sin 𝛼𝛼𝑧𝑧𝐵𝐵

𝑚𝑚 0
]            (5) 

 

𝑹𝑹𝑮𝑮→𝑷𝑷 = 𝑹𝑹𝑮𝑮→𝑩𝑩
𝒏𝒏 (𝛼𝛼𝐴𝐴

𝑛𝑛, 𝛼𝛼𝐷𝐷
𝑛𝑛)𝑹𝑹𝑩𝑩→𝑷𝑷

𝒎𝒎 (𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚 , 𝛼𝛼𝑦𝑦𝐵𝐵

𝑚𝑚 ) = [
𝑅𝑅𝐺𝐺𝐺𝐺

11 𝑅𝑅𝐺𝐺𝐺𝐺
12 𝑅𝑅𝐺𝐺𝐺𝐺

13

𝑅𝑅𝐺𝐺𝐺𝐺
21 𝑅𝑅𝐺𝐺𝐺𝐺

22 𝑅𝑅𝐺𝐺𝐺𝐺
23

𝑅𝑅𝐺𝐺𝐺𝐺
31 𝑅𝑅𝐺𝐺𝐺𝐺

32 𝑅𝑅𝐺𝐺𝐺𝐺
33

]                    (6)      

 

𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚  

𝛼𝛼𝑧𝑧,𝐵𝐵
𝑚𝑚  

 

{
𝑥𝑥𝐵𝐵

𝑃𝑃𝑚𝑚 = 𝑅𝑅𝑜𝑜𝑜𝑜 cos 𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚

𝑦𝑦𝐵𝐵
𝑃𝑃𝑚𝑚 = 𝑅𝑅𝑜𝑜𝑜𝑜sin 𝛼𝛼𝑧𝑧𝐵𝐵

𝑚𝑚

𝑧𝑧𝐵𝐵
𝑃𝑃𝑚𝑚 = 0

                 (7) 

 

{
𝑥𝑥𝐵𝐵

𝑃𝑃𝑚𝑚

𝑦𝑦𝐵𝐵
𝑃𝑃𝑚𝑚

𝑧𝑧𝐵𝐵
𝑃𝑃𝑚𝑚

} = [
cos 𝛼𝛼𝐷𝐷

𝑛𝑛 cos 𝛼𝛼𝐴𝐴
𝑛𝑛 cos 𝛼𝛼𝐷𝐷 sin 𝛼𝛼𝐴𝐴

𝑛𝑛 − sin 𝛼𝛼𝐷𝐷
𝑛𝑛

− sin 𝛼𝛼𝐷𝐷
𝑛𝑛 cos 𝛼𝛼𝐴𝐴

𝑛𝑛 0
sin 𝛼𝛼𝐷𝐷

𝑛𝑛 cos 𝛼𝛼𝐴𝐴
𝑛𝑛 sin 𝛼𝛼𝐷𝐷

𝑛𝑛 sin 𝛼𝛼𝐴𝐴
𝑛𝑛 cos 𝛼𝛼𝐷𝐷

𝑛𝑛
]{

𝑥𝑥𝐺𝐺
𝑃𝑃𝑚𝑚

𝑦𝑦𝐺𝐺
𝑃𝑃𝑚𝑚

𝑧𝑧𝐺𝐺
𝑃𝑃𝑚𝑚

}          (8) 

 

{
𝑥𝑥𝐺𝐺

𝑃𝑃𝑚𝑚

𝑦𝑦𝐺𝐺
𝑃𝑃𝑚𝑚

𝑧𝑧𝐺𝐺
𝑃𝑃𝑚𝑚

} = [
cos 𝛼𝛼𝐷𝐷

𝑛𝑛 cos 𝛼𝛼𝐴𝐴
𝑛𝑛 cos 𝛼𝛼𝐷𝐷 sin 𝛼𝛼𝐴𝐴

𝑛𝑛 − sin 𝛼𝛼𝐷𝐷
𝑛𝑛

− sin 𝛼𝛼𝐷𝐷
𝑛𝑛 cos 𝛼𝛼𝐴𝐴

𝑛𝑛 0
sin 𝛼𝛼𝐷𝐷

𝑛𝑛 cos 𝛼𝛼𝐴𝐴
𝑛𝑛 sin 𝛼𝛼𝐷𝐷

𝑛𝑛 sin 𝛼𝛼𝐴𝐴
𝑛𝑛 cos 𝛼𝛼𝐷𝐷

𝑛𝑛
]
−1

{
𝑥𝑥𝐵𝐵

𝑃𝑃𝑚𝑚

𝑦𝑦𝐵𝐵
𝑃𝑃𝑚𝑚

𝑧𝑧𝐵𝐵
𝑃𝑃𝑚𝑚

}              (9) 

 

𝑂𝑂𝑃𝑃𝑚𝑚⃑⃑⃑⃑ ⃑⃑ ⃑⃑   and 𝑂𝑂𝑃𝑃𝑚𝑚′⃑⃑⃑⃑ ⃑⃑ ⃑⃑   
 

𝑂𝑂𝑃𝑃𝑚𝑚⃑⃑⃑⃑ ⃑⃑ ⃑⃑  = 𝑥𝑥𝐺𝐺
𝑃𝑃𝑚𝑚𝑖𝑖 + 𝑦𝑦𝐺𝐺

𝑃𝑃𝑚𝑚𝑗𝑗 + 𝑧𝑧𝐺𝐺
𝑃𝑃𝑚𝑚𝑘𝑘                (10) 

 
 
𝑂𝑂𝑃𝑃𝑚𝑚′⃑⃑⃑⃑ ⃑⃑ ⃑⃑  = 𝑥𝑥𝐺𝐺

𝑃𝑃𝑚𝑚𝑖𝑖 + 𝑦𝑦𝐺𝐺
𝑃𝑃𝑚𝑚𝑗𝑗                (11) 

 

 can 
be expressed by:
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𝑧𝑧𝐵𝐵
𝑛𝑛 

 

𝑹𝑹𝑩𝑩→𝑷𝑷
𝒎𝒎 (𝛼𝛼𝑧𝑧𝐵𝐵

𝑚𝑚 , 𝛼𝛼𝑦𝑦𝐵𝐵
𝑚𝑚 ) = 𝑹𝑹𝑩𝑩→𝑷𝑷

𝟏𝟏 𝑹𝑹𝒛𝒛,𝑩𝑩(𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚 ) = [

0 0 −1
sin 𝛼𝛼𝑧𝑧𝐵𝐵

𝑚𝑚 cos 𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚 0

cos𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚 sin 𝛼𝛼𝑧𝑧𝐵𝐵

𝑚𝑚 0
]            (5) 

 

𝑹𝑹𝑮𝑮→𝑷𝑷 = 𝑹𝑹𝑮𝑮→𝑩𝑩
𝒏𝒏 (𝛼𝛼𝐴𝐴

𝑛𝑛, 𝛼𝛼𝐷𝐷
𝑛𝑛)𝑹𝑹𝑩𝑩→𝑷𝑷

𝒎𝒎 (𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚 , 𝛼𝛼𝑦𝑦𝐵𝐵

𝑚𝑚 ) = [
𝑅𝑅𝐺𝐺𝐺𝐺

11 𝑅𝑅𝐺𝐺𝐺𝐺
12 𝑅𝑅𝐺𝐺𝐺𝐺

13

𝑅𝑅𝐺𝐺𝐺𝐺
21 𝑅𝑅𝐺𝐺𝐺𝐺

22 𝑅𝑅𝐺𝐺𝐺𝐺
23

𝑅𝑅𝐺𝐺𝐺𝐺
31 𝑅𝑅𝐺𝐺𝐺𝐺

32 𝑅𝑅𝐺𝐺𝐺𝐺
33

]                    (6)      

 

𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚  

𝛼𝛼𝑧𝑧,𝐵𝐵
𝑚𝑚  

 

{
𝑥𝑥𝐵𝐵

𝑃𝑃𝑚𝑚 = 𝑅𝑅𝑜𝑜𝑜𝑜 cos 𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚

𝑦𝑦𝐵𝐵
𝑃𝑃𝑚𝑚 = 𝑅𝑅𝑜𝑜𝑜𝑜sin 𝛼𝛼𝑧𝑧𝐵𝐵

𝑚𝑚

𝑧𝑧𝐵𝐵
𝑃𝑃𝑚𝑚 = 0

                 (7) 

 

{
𝑥𝑥𝐵𝐵

𝑃𝑃𝑚𝑚

𝑦𝑦𝐵𝐵
𝑃𝑃𝑚𝑚

𝑧𝑧𝐵𝐵
𝑃𝑃𝑚𝑚

} = [
cos 𝛼𝛼𝐷𝐷

𝑛𝑛 cos 𝛼𝛼𝐴𝐴
𝑛𝑛 cos 𝛼𝛼𝐷𝐷 sin 𝛼𝛼𝐴𝐴

𝑛𝑛 − sin 𝛼𝛼𝐷𝐷
𝑛𝑛

− sin 𝛼𝛼𝐷𝐷
𝑛𝑛 cos 𝛼𝛼𝐴𝐴

𝑛𝑛 0
sin 𝛼𝛼𝐷𝐷

𝑛𝑛 cos 𝛼𝛼𝐴𝐴
𝑛𝑛 sin 𝛼𝛼𝐷𝐷

𝑛𝑛 sin 𝛼𝛼𝐴𝐴
𝑛𝑛 cos 𝛼𝛼𝐷𝐷

𝑛𝑛
]{

𝑥𝑥𝐺𝐺
𝑃𝑃𝑚𝑚

𝑦𝑦𝐺𝐺
𝑃𝑃𝑚𝑚

𝑧𝑧𝐺𝐺
𝑃𝑃𝑚𝑚

}          (8) 

 

{
𝑥𝑥𝐺𝐺

𝑃𝑃𝑚𝑚

𝑦𝑦𝐺𝐺
𝑃𝑃𝑚𝑚

𝑧𝑧𝐺𝐺
𝑃𝑃𝑚𝑚

} = [
cos 𝛼𝛼𝐷𝐷

𝑛𝑛 cos 𝛼𝛼𝐴𝐴
𝑛𝑛 cos 𝛼𝛼𝐷𝐷 sin 𝛼𝛼𝐴𝐴

𝑛𝑛 − sin 𝛼𝛼𝐷𝐷
𝑛𝑛

− sin 𝛼𝛼𝐷𝐷
𝑛𝑛 cos 𝛼𝛼𝐴𝐴

𝑛𝑛 0
sin 𝛼𝛼𝐷𝐷

𝑛𝑛 cos 𝛼𝛼𝐴𝐴
𝑛𝑛 sin 𝛼𝛼𝐷𝐷

𝑛𝑛 sin 𝛼𝛼𝐴𝐴
𝑛𝑛 cos 𝛼𝛼𝐷𝐷

𝑛𝑛
]
−1

{
𝑥𝑥𝐵𝐵

𝑃𝑃𝑚𝑚

𝑦𝑦𝐵𝐵
𝑃𝑃𝑚𝑚

𝑧𝑧𝐵𝐵
𝑃𝑃𝑚𝑚

}              (9) 

 

𝑂𝑂𝑃𝑃𝑚𝑚⃑⃑⃑⃑ ⃑⃑ ⃑⃑   and 𝑂𝑂𝑃𝑃𝑚𝑚′⃑⃑⃑⃑ ⃑⃑ ⃑⃑   
 

𝑂𝑂𝑃𝑃𝑚𝑚⃑⃑⃑⃑ ⃑⃑ ⃑⃑  = 𝑥𝑥𝐺𝐺
𝑃𝑃𝑚𝑚𝑖𝑖 + 𝑦𝑦𝐺𝐺

𝑃𝑃𝑚𝑚𝑗𝑗 + 𝑧𝑧𝐺𝐺
𝑃𝑃𝑚𝑚𝑘𝑘                (10) 

 
 
𝑂𝑂𝑃𝑃𝑚𝑚′⃑⃑⃑⃑ ⃑⃑ ⃑⃑  = 𝑥𝑥𝐺𝐺

𝑃𝑃𝑚𝑚𝑖𝑖 + 𝑦𝑦𝐺𝐺
𝑃𝑃𝑚𝑚𝑗𝑗                (11) 
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𝑧𝑧𝐵𝐵
𝑛𝑛 

 

𝑹𝑹𝑩𝑩→𝑷𝑷
𝒎𝒎 (𝛼𝛼𝑧𝑧𝐵𝐵

𝑚𝑚 , 𝛼𝛼𝑦𝑦𝐵𝐵
𝑚𝑚 ) = 𝑹𝑹𝑩𝑩→𝑷𝑷

𝟏𝟏 𝑹𝑹𝒛𝒛,𝑩𝑩(𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚 ) = [

0 0 −1
sin 𝛼𝛼𝑧𝑧𝐵𝐵

𝑚𝑚 cos 𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚 0

cos𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚 sin 𝛼𝛼𝑧𝑧𝐵𝐵

𝑚𝑚 0
]            (5) 

 

𝑹𝑹𝑮𝑮→𝑷𝑷 = 𝑹𝑹𝑮𝑮→𝑩𝑩
𝒏𝒏 (𝛼𝛼𝐴𝐴

𝑛𝑛, 𝛼𝛼𝐷𝐷
𝑛𝑛)𝑹𝑹𝑩𝑩→𝑷𝑷

𝒎𝒎 (𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚 , 𝛼𝛼𝑦𝑦𝐵𝐵

𝑚𝑚 ) = [
𝑅𝑅𝐺𝐺𝐺𝐺

11 𝑅𝑅𝐺𝐺𝐺𝐺
12 𝑅𝑅𝐺𝐺𝐺𝐺

13

𝑅𝑅𝐺𝐺𝐺𝐺
21 𝑅𝑅𝐺𝐺𝐺𝐺

22 𝑅𝑅𝐺𝐺𝐺𝐺
23

𝑅𝑅𝐺𝐺𝐺𝐺
31 𝑅𝑅𝐺𝐺𝐺𝐺

32 𝑅𝑅𝐺𝐺𝐺𝐺
33

]                    (6)      

 

𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚  

𝛼𝛼𝑧𝑧,𝐵𝐵
𝑚𝑚  

 

{
𝑥𝑥𝐵𝐵

𝑃𝑃𝑚𝑚 = 𝑅𝑅𝑜𝑜𝑜𝑜 cos 𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚

𝑦𝑦𝐵𝐵
𝑃𝑃𝑚𝑚 = 𝑅𝑅𝑜𝑜𝑜𝑜sin 𝛼𝛼𝑧𝑧𝐵𝐵

𝑚𝑚

𝑧𝑧𝐵𝐵
𝑃𝑃𝑚𝑚 = 0

                 (7) 

 

{
𝑥𝑥𝐵𝐵

𝑃𝑃𝑚𝑚

𝑦𝑦𝐵𝐵
𝑃𝑃𝑚𝑚

𝑧𝑧𝐵𝐵
𝑃𝑃𝑚𝑚

} = [
cos 𝛼𝛼𝐷𝐷

𝑛𝑛 cos 𝛼𝛼𝐴𝐴
𝑛𝑛 cos 𝛼𝛼𝐷𝐷 sin 𝛼𝛼𝐴𝐴

𝑛𝑛 − sin 𝛼𝛼𝐷𝐷
𝑛𝑛

− sin 𝛼𝛼𝐷𝐷
𝑛𝑛 cos 𝛼𝛼𝐴𝐴

𝑛𝑛 0
sin 𝛼𝛼𝐷𝐷

𝑛𝑛 cos 𝛼𝛼𝐴𝐴
𝑛𝑛 sin 𝛼𝛼𝐷𝐷

𝑛𝑛 sin 𝛼𝛼𝐴𝐴
𝑛𝑛 cos 𝛼𝛼𝐷𝐷

𝑛𝑛
]{

𝑥𝑥𝐺𝐺
𝑃𝑃𝑚𝑚

𝑦𝑦𝐺𝐺
𝑃𝑃𝑚𝑚

𝑧𝑧𝐺𝐺
𝑃𝑃𝑚𝑚

}          (8) 

 

{
𝑥𝑥𝐺𝐺

𝑃𝑃𝑚𝑚

𝑦𝑦𝐺𝐺
𝑃𝑃𝑚𝑚

𝑧𝑧𝐺𝐺
𝑃𝑃𝑚𝑚

} = [
cos 𝛼𝛼𝐷𝐷

𝑛𝑛 cos 𝛼𝛼𝐴𝐴
𝑛𝑛 cos 𝛼𝛼𝐷𝐷 sin 𝛼𝛼𝐴𝐴

𝑛𝑛 − sin 𝛼𝛼𝐷𝐷
𝑛𝑛

− sin 𝛼𝛼𝐷𝐷
𝑛𝑛 cos 𝛼𝛼𝐴𝐴

𝑛𝑛 0
sin 𝛼𝛼𝐷𝐷

𝑛𝑛 cos 𝛼𝛼𝐴𝐴
𝑛𝑛 sin 𝛼𝛼𝐷𝐷

𝑛𝑛 sin 𝛼𝛼𝐴𝐴
𝑛𝑛 cos 𝛼𝛼𝐷𝐷

𝑛𝑛
]
−1

{
𝑥𝑥𝐵𝐵

𝑃𝑃𝑚𝑚

𝑦𝑦𝐵𝐵
𝑃𝑃𝑚𝑚

𝑧𝑧𝐵𝐵
𝑃𝑃𝑚𝑚

}              (9) 

 

𝑂𝑂𝑃𝑃𝑚𝑚⃑⃑⃑⃑ ⃑⃑ ⃑⃑   and 𝑂𝑂𝑃𝑃𝑚𝑚′⃑⃑⃑⃑ ⃑⃑ ⃑⃑   
 

𝑂𝑂𝑃𝑃𝑚𝑚⃑⃑⃑⃑ ⃑⃑ ⃑⃑  = 𝑥𝑥𝐺𝐺
𝑃𝑃𝑚𝑚𝑖𝑖 + 𝑦𝑦𝐺𝐺

𝑃𝑃𝑚𝑚𝑗𝑗 + 𝑧𝑧𝐺𝐺
𝑃𝑃𝑚𝑚𝑘𝑘                (10) 

 
 
𝑂𝑂𝑃𝑃𝑚𝑚′⃑⃑⃑⃑ ⃑⃑ ⃑⃑  = 𝑥𝑥𝐺𝐺

𝑃𝑃𝑚𝑚𝑖𝑖 + 𝑦𝑦𝐺𝐺
𝑃𝑃𝑚𝑚𝑗𝑗                (11) 
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The azimuth of the perforation, which requires the 
least breakdown pressure, is the angle rotating clockwise 
from the 
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𝑥𝑥𝐺𝐺0𝑦𝑦𝐺𝐺0𝑧𝑧𝐺𝐺0, 

𝛼𝛼𝐷𝐷𝑛𝑛 

𝛼𝛼𝐴𝐴𝑛𝑛 

𝑥𝑥𝐺𝐺𝑛𝑛𝑦𝑦𝐺𝐺𝑛𝑛𝑧𝑧𝐺𝐺𝑛𝑛 

𝑥𝑥𝐵𝐵𝑛𝑛𝑦𝑦𝐵𝐵𝑛𝑛𝑧𝑧𝐵𝐵𝑛𝑛 

𝑥𝑥𝑃𝑃𝑚𝑚𝑦𝑦𝑃𝑃𝑚𝑚𝑧𝑧𝑃𝑃𝑚𝑚 

 

𝑹𝑹𝑮𝑮→𝑩𝑩
𝒏𝒏 (𝛼𝛼𝐴𝐴𝑛𝑛, 𝛼𝛼𝐷𝐷𝑛𝑛) = 𝑹𝑹𝒚𝒚(𝛼𝛼𝐷𝐷𝑛𝑛)𝑹𝑹𝒛𝒛(𝛼𝛼𝐴𝐴𝑛𝑛) = [

cos 𝛼𝛼𝐷𝐷𝑛𝑛 0 − sin 𝛼𝛼𝐷𝐷𝑛𝑛
0 1 0

sin 𝛼𝛼𝐷𝐷𝑛𝑛 0 cos 𝛼𝛼𝐷𝐷𝑛𝑛
] [−

cos𝛼𝛼𝐴𝐴𝑛𝑛 sin 𝛼𝛼𝐴𝐴𝑛𝑛 0
sin 𝛼𝛼𝐴𝐴𝑛𝑛 cos 𝛼𝛼𝐴𝐴𝑛𝑛 0
0 0 1

]            (1) 

 

𝑹𝑹𝑮𝑮→𝑩𝑩
𝒏𝒏 (𝛼𝛼𝐴𝐴𝑛𝑛, 𝛼𝛼𝐷𝐷𝑛𝑛) = [

cos 𝛼𝛼𝐷𝐷𝑛𝑛 cos 𝛼𝛼𝐴𝐴𝑛𝑛 cos 𝛼𝛼𝐷𝐷 sin 𝛼𝛼𝐴𝐴𝑛𝑛 − sin 𝛼𝛼𝐷𝐷𝑛𝑛
−sin 𝛼𝛼𝐴𝐴𝑛𝑛 cos 𝛼𝛼𝐴𝐴𝑛𝑛 0

sin 𝛼𝛼𝐷𝐷𝑛𝑛 cos 𝛼𝛼𝐴𝐴𝑛𝑛 sin 𝛼𝛼𝐷𝐷𝑛𝑛 sin 𝛼𝛼𝐴𝐴𝑛𝑛 cos 𝛼𝛼𝐷𝐷𝑛𝑛
]             (2) 

 

𝑦𝑦𝐺𝐺𝑛𝑛 

𝑧𝑧𝐺𝐺𝑛𝑛 

𝛼𝛼𝑦𝑦𝐵𝐵𝑛𝑛  

𝑦𝑦𝐵𝐵𝑛𝑛 

 

𝑹𝑹(𝛼𝛼𝑦𝑦𝐵𝐵𝑚𝑚 ) = [
cos𝛼𝛼𝑦𝑦𝐵𝐵𝑚𝑚 0 − sin 𝛼𝛼𝑦𝑦𝐵𝐵𝑚𝑚

0 1 0
sin 𝛼𝛼𝑦𝑦𝐵𝐵𝑚𝑚 0 cos𝛼𝛼𝑦𝑦𝐵𝐵𝑚𝑚

]               (3) 

 

𝛼𝛼𝑦𝑦𝐵𝐵1 = 𝜋𝜋 2⁄  

 

𝑹𝑹𝑩𝑩→𝑷𝑷
𝟏𝟏 (𝛼𝛼𝑦𝑦𝐵𝐵1 = 𝜋𝜋

2) = [
0 0 −1
0 1 0
1 0 0

]              (4) 

 
 
𝑦𝑦𝐵𝐵𝑛𝑛 

𝛼𝛼𝑧𝑧𝐵𝐵𝑛𝑛  

-axis to the vector 
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𝑧𝑧𝐵𝐵
𝑛𝑛 

 

𝑹𝑹𝑩𝑩→𝑷𝑷
𝒎𝒎 (𝛼𝛼𝑧𝑧𝐵𝐵

𝑚𝑚 , 𝛼𝛼𝑦𝑦𝐵𝐵
𝑚𝑚 ) = 𝑹𝑹𝑩𝑩→𝑷𝑷

𝟏𝟏 𝑹𝑹𝒛𝒛,𝑩𝑩(𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚 ) = [

0 0 −1
sin 𝛼𝛼𝑧𝑧𝐵𝐵

𝑚𝑚 cos 𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚 0

cos𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚 sin 𝛼𝛼𝑧𝑧𝐵𝐵

𝑚𝑚 0
]            (5) 

 

𝑹𝑹𝑮𝑮→𝑷𝑷 = 𝑹𝑹𝑮𝑮→𝑩𝑩
𝒏𝒏 (𝛼𝛼𝐴𝐴

𝑛𝑛, 𝛼𝛼𝐷𝐷
𝑛𝑛)𝑹𝑹𝑩𝑩→𝑷𝑷

𝒎𝒎 (𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚 , 𝛼𝛼𝑦𝑦𝐵𝐵

𝑚𝑚 ) = [
𝑅𝑅𝐺𝐺𝐺𝐺

11 𝑅𝑅𝐺𝐺𝐺𝐺
12 𝑅𝑅𝐺𝐺𝐺𝐺

13

𝑅𝑅𝐺𝐺𝐺𝐺
21 𝑅𝑅𝐺𝐺𝐺𝐺

22 𝑅𝑅𝐺𝐺𝐺𝐺
23

𝑅𝑅𝐺𝐺𝐺𝐺
31 𝑅𝑅𝐺𝐺𝐺𝐺

32 𝑅𝑅𝐺𝐺𝐺𝐺
33

]                    (6)      

 

𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚  

𝛼𝛼𝑧𝑧,𝐵𝐵
𝑚𝑚  

 

{
𝑥𝑥𝐵𝐵

𝑃𝑃𝑚𝑚 = 𝑅𝑅𝑜𝑜𝑜𝑜 cos 𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚

𝑦𝑦𝐵𝐵
𝑃𝑃𝑚𝑚 = 𝑅𝑅𝑜𝑜𝑜𝑜sin 𝛼𝛼𝑧𝑧𝐵𝐵

𝑚𝑚

𝑧𝑧𝐵𝐵
𝑃𝑃𝑚𝑚 = 0

                 (7) 

 

{
𝑥𝑥𝐵𝐵

𝑃𝑃𝑚𝑚

𝑦𝑦𝐵𝐵
𝑃𝑃𝑚𝑚

𝑧𝑧𝐵𝐵
𝑃𝑃𝑚𝑚

} = [
cos 𝛼𝛼𝐷𝐷

𝑛𝑛 cos 𝛼𝛼𝐴𝐴
𝑛𝑛 cos 𝛼𝛼𝐷𝐷 sin 𝛼𝛼𝐴𝐴

𝑛𝑛 − sin 𝛼𝛼𝐷𝐷
𝑛𝑛

− sin 𝛼𝛼𝐷𝐷
𝑛𝑛 cos 𝛼𝛼𝐴𝐴

𝑛𝑛 0
sin 𝛼𝛼𝐷𝐷

𝑛𝑛 cos 𝛼𝛼𝐴𝐴
𝑛𝑛 sin 𝛼𝛼𝐷𝐷

𝑛𝑛 sin 𝛼𝛼𝐴𝐴
𝑛𝑛 cos 𝛼𝛼𝐷𝐷

𝑛𝑛
]{

𝑥𝑥𝐺𝐺
𝑃𝑃𝑚𝑚

𝑦𝑦𝐺𝐺
𝑃𝑃𝑚𝑚

𝑧𝑧𝐺𝐺
𝑃𝑃𝑚𝑚

}          (8) 

 

{
𝑥𝑥𝐺𝐺

𝑃𝑃𝑚𝑚

𝑦𝑦𝐺𝐺
𝑃𝑃𝑚𝑚

𝑧𝑧𝐺𝐺
𝑃𝑃𝑚𝑚

} = [
cos 𝛼𝛼𝐷𝐷

𝑛𝑛 cos 𝛼𝛼𝐴𝐴
𝑛𝑛 cos 𝛼𝛼𝐷𝐷 sin 𝛼𝛼𝐴𝐴

𝑛𝑛 − sin 𝛼𝛼𝐷𝐷
𝑛𝑛

− sin 𝛼𝛼𝐷𝐷
𝑛𝑛 cos 𝛼𝛼𝐴𝐴

𝑛𝑛 0
sin 𝛼𝛼𝐷𝐷

𝑛𝑛 cos 𝛼𝛼𝐴𝐴
𝑛𝑛 sin 𝛼𝛼𝐷𝐷

𝑛𝑛 sin 𝛼𝛼𝐴𝐴
𝑛𝑛 cos 𝛼𝛼𝐷𝐷

𝑛𝑛
]
−1

{
𝑥𝑥𝐵𝐵

𝑃𝑃𝑚𝑚

𝑦𝑦𝐵𝐵
𝑃𝑃𝑚𝑚

𝑧𝑧𝐵𝐵
𝑃𝑃𝑚𝑚

}              (9) 

 

𝑂𝑂𝑃𝑃𝑚𝑚⃑⃑⃑⃑ ⃑⃑ ⃑⃑   and 𝑂𝑂𝑃𝑃𝑚𝑚′⃑⃑⃑⃑ ⃑⃑ ⃑⃑   
 

𝑂𝑂𝑃𝑃𝑚𝑚⃑⃑⃑⃑ ⃑⃑ ⃑⃑  = 𝑥𝑥𝐺𝐺
𝑃𝑃𝑚𝑚𝑖𝑖 + 𝑦𝑦𝐺𝐺

𝑃𝑃𝑚𝑚𝑗𝑗 + 𝑧𝑧𝐺𝐺
𝑃𝑃𝑚𝑚𝑘𝑘                (10) 

 
 
𝑂𝑂𝑃𝑃𝑚𝑚′⃑⃑⃑⃑ ⃑⃑ ⃑⃑  = 𝑥𝑥𝐺𝐺

𝑃𝑃𝑚𝑚𝑖𝑖 + 𝑦𝑦𝐺𝐺
𝑃𝑃𝑚𝑚𝑗𝑗                (11) 

 

, which is equivalent 
to the angle between unit vector i and vector 
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𝑧𝑧𝐵𝐵
𝑛𝑛 

 

𝑹𝑹𝑩𝑩→𝑷𝑷
𝒎𝒎 (𝛼𝛼𝑧𝑧𝐵𝐵

𝑚𝑚 , 𝛼𝛼𝑦𝑦𝐵𝐵
𝑚𝑚 ) = 𝑹𝑹𝑩𝑩→𝑷𝑷

𝟏𝟏 𝑹𝑹𝒛𝒛,𝑩𝑩(𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚 ) = [

0 0 −1
sin 𝛼𝛼𝑧𝑧𝐵𝐵

𝑚𝑚 cos 𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚 0

cos𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚 sin 𝛼𝛼𝑧𝑧𝐵𝐵

𝑚𝑚 0
]            (5) 

 

𝑹𝑹𝑮𝑮→𝑷𝑷 = 𝑹𝑹𝑮𝑮→𝑩𝑩
𝒏𝒏 (𝛼𝛼𝐴𝐴

𝑛𝑛, 𝛼𝛼𝐷𝐷
𝑛𝑛)𝑹𝑹𝑩𝑩→𝑷𝑷

𝒎𝒎 (𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚 , 𝛼𝛼𝑦𝑦𝐵𝐵

𝑚𝑚 ) = [
𝑅𝑅𝐺𝐺𝐺𝐺

11 𝑅𝑅𝐺𝐺𝐺𝐺
12 𝑅𝑅𝐺𝐺𝐺𝐺

13

𝑅𝑅𝐺𝐺𝐺𝐺
21 𝑅𝑅𝐺𝐺𝐺𝐺

22 𝑅𝑅𝐺𝐺𝐺𝐺
23

𝑅𝑅𝐺𝐺𝐺𝐺
31 𝑅𝑅𝐺𝐺𝐺𝐺

32 𝑅𝑅𝐺𝐺𝐺𝐺
33

]                    (6)      

 

𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚  

𝛼𝛼𝑧𝑧,𝐵𝐵
𝑚𝑚  

 

{
𝑥𝑥𝐵𝐵

𝑃𝑃𝑚𝑚 = 𝑅𝑅𝑜𝑜𝑜𝑜 cos 𝛼𝛼𝑧𝑧𝐵𝐵
𝑚𝑚

𝑦𝑦𝐵𝐵
𝑃𝑃𝑚𝑚 = 𝑅𝑅𝑜𝑜𝑜𝑜sin 𝛼𝛼𝑧𝑧𝐵𝐵

𝑚𝑚

𝑧𝑧𝐵𝐵
𝑃𝑃𝑚𝑚 = 0

                 (7) 

 

{
𝑥𝑥𝐵𝐵

𝑃𝑃𝑚𝑚

𝑦𝑦𝐵𝐵
𝑃𝑃𝑚𝑚

𝑧𝑧𝐵𝐵
𝑃𝑃𝑚𝑚

} = [
cos 𝛼𝛼𝐷𝐷

𝑛𝑛 cos 𝛼𝛼𝐴𝐴
𝑛𝑛 cos 𝛼𝛼𝐷𝐷 sin 𝛼𝛼𝐴𝐴

𝑛𝑛 − sin 𝛼𝛼𝐷𝐷
𝑛𝑛

− sin 𝛼𝛼𝐷𝐷
𝑛𝑛 cos 𝛼𝛼𝐴𝐴

𝑛𝑛 0
sin 𝛼𝛼𝐷𝐷

𝑛𝑛 cos 𝛼𝛼𝐴𝐴
𝑛𝑛 sin 𝛼𝛼𝐷𝐷

𝑛𝑛 sin 𝛼𝛼𝐴𝐴
𝑛𝑛 cos 𝛼𝛼𝐷𝐷

𝑛𝑛
]{

𝑥𝑥𝐺𝐺
𝑃𝑃𝑚𝑚

𝑦𝑦𝐺𝐺
𝑃𝑃𝑚𝑚

𝑧𝑧𝐺𝐺
𝑃𝑃𝑚𝑚

}          (8) 

 

{
𝑥𝑥𝐺𝐺

𝑃𝑃𝑚𝑚

𝑦𝑦𝐺𝐺
𝑃𝑃𝑚𝑚

𝑧𝑧𝐺𝐺
𝑃𝑃𝑚𝑚

} = [
cos 𝛼𝛼𝐷𝐷

𝑛𝑛 cos 𝛼𝛼𝐴𝐴
𝑛𝑛 cos 𝛼𝛼𝐷𝐷 sin 𝛼𝛼𝐴𝐴

𝑛𝑛 − sin 𝛼𝛼𝐷𝐷
𝑛𝑛

− sin 𝛼𝛼𝐷𝐷
𝑛𝑛 cos 𝛼𝛼𝐴𝐴

𝑛𝑛 0
sin 𝛼𝛼𝐷𝐷

𝑛𝑛 cos 𝛼𝛼𝐴𝐴
𝑛𝑛 sin 𝛼𝛼𝐷𝐷

𝑛𝑛 sin 𝛼𝛼𝐴𝐴
𝑛𝑛 cos 𝛼𝛼𝐷𝐷

𝑛𝑛
]
−1

{
𝑥𝑥𝐵𝐵

𝑃𝑃𝑚𝑚

𝑦𝑦𝐵𝐵
𝑃𝑃𝑚𝑚

𝑧𝑧𝐵𝐵
𝑃𝑃𝑚𝑚

}              (9) 

 

𝑂𝑂𝑃𝑃𝑚𝑚⃑⃑⃑⃑ ⃑⃑ ⃑⃑   and 𝑂𝑂𝑃𝑃𝑚𝑚′⃑⃑⃑⃑ ⃑⃑ ⃑⃑   
 

𝑂𝑂𝑃𝑃𝑚𝑚⃑⃑⃑⃑ ⃑⃑ ⃑⃑  = 𝑥𝑥𝐺𝐺
𝑃𝑃𝑚𝑚𝑖𝑖 + 𝑦𝑦𝐺𝐺

𝑃𝑃𝑚𝑚𝑗𝑗 + 𝑧𝑧𝐺𝐺
𝑃𝑃𝑚𝑚𝑘𝑘                (10) 

 
 
𝑂𝑂𝑃𝑃𝑚𝑚′⃑⃑⃑⃑ ⃑⃑ ⃑⃑  = 𝑥𝑥𝐺𝐺

𝑃𝑃𝑚𝑚𝑖𝑖 + 𝑦𝑦𝐺𝐺
𝑃𝑃𝑚𝑚𝑗𝑗                (11) 

 

 in the 
coordinate system 

 

 

 
  

Saudi Aramco: Company General Use 

 

𝑥𝑥𝐺𝐺0𝑦𝑦𝐺𝐺0𝑧𝑧𝐺𝐺0, 

𝛼𝛼𝐷𝐷𝑛𝑛 

𝛼𝛼𝐴𝐴𝑛𝑛 

𝑥𝑥𝐺𝐺𝑛𝑛𝑦𝑦𝐺𝐺𝑛𝑛𝑧𝑧𝐺𝐺𝑛𝑛 

𝑥𝑥𝐵𝐵𝑛𝑛𝑦𝑦𝐵𝐵𝑛𝑛𝑧𝑧𝐵𝐵𝑛𝑛 

𝑥𝑥𝑃𝑃𝑚𝑚𝑦𝑦𝑃𝑃𝑚𝑚𝑧𝑧𝑃𝑃𝑚𝑚 

 

𝑹𝑹𝑮𝑮→𝑩𝑩
𝒏𝒏 (𝛼𝛼𝐴𝐴𝑛𝑛, 𝛼𝛼𝐷𝐷𝑛𝑛) = 𝑹𝑹𝒚𝒚(𝛼𝛼𝐷𝐷𝑛𝑛)𝑹𝑹𝒛𝒛(𝛼𝛼𝐴𝐴𝑛𝑛) = [

cos 𝛼𝛼𝐷𝐷𝑛𝑛 0 − sin 𝛼𝛼𝐷𝐷𝑛𝑛
0 1 0

sin 𝛼𝛼𝐷𝐷𝑛𝑛 0 cos 𝛼𝛼𝐷𝐷𝑛𝑛
] [−

cos𝛼𝛼𝐴𝐴𝑛𝑛 sin 𝛼𝛼𝐴𝐴𝑛𝑛 0
sin 𝛼𝛼𝐴𝐴𝑛𝑛 cos 𝛼𝛼𝐴𝐴𝑛𝑛 0
0 0 1

]            (1) 

 

𝑹𝑹𝑮𝑮→𝑩𝑩
𝒏𝒏 (𝛼𝛼𝐴𝐴𝑛𝑛, 𝛼𝛼𝐷𝐷𝑛𝑛) = [

cos 𝛼𝛼𝐷𝐷𝑛𝑛 cos 𝛼𝛼𝐴𝐴𝑛𝑛 cos 𝛼𝛼𝐷𝐷 sin 𝛼𝛼𝐴𝐴𝑛𝑛 − sin 𝛼𝛼𝐷𝐷𝑛𝑛
−sin 𝛼𝛼𝐴𝐴𝑛𝑛 cos 𝛼𝛼𝐴𝐴𝑛𝑛 0

sin 𝛼𝛼𝐷𝐷𝑛𝑛 cos 𝛼𝛼𝐴𝐴𝑛𝑛 sin 𝛼𝛼𝐷𝐷𝑛𝑛 sin 𝛼𝛼𝐴𝐴𝑛𝑛 cos 𝛼𝛼𝐷𝐷𝑛𝑛
]             (2) 

 

𝑦𝑦𝐺𝐺𝑛𝑛 

𝑧𝑧𝐺𝐺𝑛𝑛 

𝛼𝛼𝑦𝑦𝐵𝐵𝑛𝑛  

𝑦𝑦𝐵𝐵𝑛𝑛 

 

𝑹𝑹(𝛼𝛼𝑦𝑦𝐵𝐵𝑚𝑚 ) = [
cos𝛼𝛼𝑦𝑦𝐵𝐵𝑚𝑚 0 − sin 𝛼𝛼𝑦𝑦𝐵𝐵𝑚𝑚

0 1 0
sin 𝛼𝛼𝑦𝑦𝐵𝐵𝑚𝑚 0 cos𝛼𝛼𝑦𝑦𝐵𝐵𝑚𝑚

]               (3) 

 

𝛼𝛼𝑦𝑦𝐵𝐵1 = 𝜋𝜋 2⁄  

 

𝑹𝑹𝑩𝑩→𝑷𝑷
𝟏𝟏 (𝛼𝛼𝑦𝑦𝐵𝐵1 = 𝜋𝜋

2) = [
0 0 −1
0 1 0
1 0 0

]              (4) 

 
 
𝑦𝑦𝐵𝐵𝑛𝑛 

𝛼𝛼𝑧𝑧𝐵𝐵𝑛𝑛  

. Therefore, the perforation 
azimuth and dip can be calculated by:
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cos(Perf_AZI) = 𝑖𝑖∙𝑂𝑂𝑃𝑃𝑚𝑚′
⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑  ⃑

‖𝑂𝑂𝑃𝑃𝑚𝑚⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑  ⃑‖‖𝑂𝑂𝑃𝑃𝑚𝑚′⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑  ⃑‖
                  (12) 

 
 

cos(Perf_Dip) = 𝑂𝑂𝑃𝑃𝑚𝑚⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑  ⃑∙𝑂𝑂𝑃𝑃𝑚𝑚′⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑  ⃑

‖𝑂𝑂𝑃𝑃𝑚𝑚⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑  ⃑‖‖𝑂𝑂𝑃𝑃𝑚𝑚′⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑  ⃑‖
                  (13) 
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cos(Perf_AZI) = 𝑖𝑖∙𝑂𝑂𝑃𝑃𝑚𝑚′
⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑  ⃑

‖𝑂𝑂𝑃𝑃𝑚𝑚⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑  ⃑‖‖𝑂𝑂𝑃𝑃𝑚𝑚′⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑  ⃑‖
                  (12) 

 
 

cos(Perf_Dip) = 𝑂𝑂𝑃𝑃𝑚𝑚⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑  ⃑∙𝑂𝑂𝑃𝑃𝑚𝑚′⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑  ⃑

‖𝑂𝑂𝑃𝑃𝑚𝑚⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑  ⃑‖‖𝑂𝑂𝑃𝑃𝑚𝑚′⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑  ⃑‖
                  (13) 
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Figure 5 shows the workflow for calculating the break-
down pressure and the corresponding optimum perfora-
tion direction, which is applicable to deviated wells with 
clustered perforation hydraulic fracturing treatment. The 
whole workflow can be integrated with any geoscience 
software, such as Tech-Log. The required parameters 
related to formation mechanical properties can be con-
veniently calculated and prepared before calculating the 
breakdown pressure and optimum perforation direction. 

Example Study 
We designed two case studies to demonstrate the analyti-
cal model performance. Table 1 shows the well trajectory, 
inside diameter (ID), and outside diameter (OD) of the 
casing, cement, and the mechanical properties for case 
1. In the two case studies, we assume the maximum 
horizontal stress angle (azimuth) is 0°. But for each case, 

the well trajectory has a different well azimuth and de-
viation along the wellbore’s trajectory. All the rest of the 
parameters related to casing, cement, and formation are 
the same for both cases. 

Table 2 provides the predicted minimum breakdown 
pressure and the corresponding perforation phase angle 
and perforation azimuth along the deviated wellbore for 
case 1, which has a varying azimuth and deviation. Note, 
Pw_min is the minimum breakdown pressure. Phase_an-
gle_1 and Perf_Azi_1 are the corresponding first per-
foration phase angle and perforation azimuth found 
through the model calculation. And Phase_angle_2 and 
Perf_Azi_2 are the corresponding second perforation 
phase angle and perforation azimuth through the model 
calculation. The two perforations have a difference of 

Fig. 5  The workflow for calculating the breakdown pressure.
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180° in their phase angle and perforation azimuth. 
Table 3 shows the well trajectory, ID, and OD of the 

casing, cement, and the mechanical properties for case 2.
Table 4 provides the predicted minimum breakdown 

pressure and the corresponding perforation phase angle 
and perforation azimuth along the deviated wellbore 
for case 2.

As listed in Tables 2 and 4, perforations along the opti-
mum direction (perforation phase angle and perforation 
azimuth) will require the lowest breakdown pressure for 
initiating transverse fractures.

New Perforation Cluster Layout Design
Once the optimum perforation direction for a perforation 
cluster is determined, the next task is to ensure two per-
foration tunnels from the same perforation cluster can be 
shot in the optimum perforation direction. This can be 
achieved through a downhole perforation control system. 

Figure 6 represents the conventional perforation cluster 
layout design, which is widely used in today’s hydraulic 
fracturing treatment. The perforation cluster uses the 
same perforation diameter for each perforation tunnel 
and the phase angle increases spirally at an increment of 

MD (ft) Azimuth 
(degree)

Deviation 
(degree)

Casing  
ID (in)

Casing 
OD (in)

Cement 
ID (in)

Cement 
OD (in)

Borehole 
ID (in)

Casing  
YM (psi)

Casing 
PR

Cement 
YM (psi)

Cement 
PR

Rock  
YM (psi) Rock PR

10,000 90 10 4.09 4.5 4.5 5.875 5.875 29,000,000 0.2 250,000 0.2 3,000,000 0.22

10,500 90 20 4.09 4.5 4.5 5.875 5.875 29,000,000 0.2 250,000 0.2 3,000,000 0.22

11,000 90 30 4.09 4.5 4.5 5.875 5.875 29,000,000 0.2 250,000 0.2 3,000,000 0.22

11,500 90 40 4.09 4.5 4.5 5.875 5.875 29,000,000 0.2 250,000 0.2 3,000,000 0.22

12,000 90 50 4.09 4.5 4.5 5.875 5.875 29,000,000 0.2 250,000 0.2 3,000,000 0.22

12,500 90 60 4.09 4.5 4.5 5.875 5.875 29,000,000 0.2 250,000 0.2 3,000,000 0.22

13,000 90 70 4.09 4.5 4.5 5.875 5.875 29,000,000 0.2 250,000 0.2 3,000,000 0.22

13,500 90 80 4.09 4.5 4.5 5.875 5.875 29,000,000 0.2 250,000 0.2 3,000,000 0.22

14,000 90 85 4.09 4.5 4.5 5.875 5.875 29,000,000 0.2 250,000 0.2 3,000,000 0.22

14,500 90 90 4.09 4.5 4.5 5.875 5.875 29,000,000 0.2 250,000 0.2 3,000,000 0.22

15,000 90 95 4.09 4.5 4.5 5.875 5.875 29,000,000 0.2 250,000 0.2 3,000,000 0.22

Table 1  The well trajectory, ID, and OD of the casing, cement, and mechanical properties for case 1.

MD (ft) Azimuth 
(degree)

Deviation 
(degree) Sv (psi) Shmin (psi) Shmax (psi) Shmax Azi 

(degree) PP (psi) Pw_min 
(psi)

Phase 
Angle_1

Perf_Azi_1 
(degree)

Phase_Angle_2 
(degree)

Perf_Azi_2 
(degree)

10,000 90 10 10,500 2,691.54 3,701.92 0 5,000 4,185.8 90 180 270 0

10,500 90 20 10,500 2,691.54 3,701.92 0 5,000 4,232.5 90 180 270 0

11,000 90 30 10,500 2,691.54 3,701.92 0 5,000 4,306.4 90 180 270 0

11,500 90 40 10,500 2,691.54 3,701.92 0 5,000 4,401.2 90 180 270 0

12,000 90 50 10,500 2,691.54 3,701.92 0 5,000 4,507.4 90 180 270 0

12,500 90 60 10,500 2,691.54 3,701.92 0 5,000 4,612.7 90 180 270 0

13,000 90 70 10,500 2,691.54 3,701.92 0 5,000 4,702.9 90 180 270 0

13,500 90 80 10,500 2,691.54 3,701.92 0 5,000 4,764 90 180 270 0

14,000 90 85 10,500 2,691.54 3,701.92 0 5,000 4,780.2 90 180 270 0

14,500 90 90 10,500 2,691.54 3,701.92 0 5,000 4,785.6 90 180 270 0

15,000 90 95 10,500 2,691.54 3,701.92 0 5,000 4,780.2 90 180 270 0

Table 2  The predicted phase angle and perforation azimuth for the minimum breakdown pressure for case 1.
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60°. Using this conventional perforation cluster layout 
design, together with the oriented perforation technique, 
the two perforations aligning in the optimum perforation 
direction are not the closest to each other. There are two 
additional perforation tunnels between them, which can 
lead to near wellbore fracture tortuosity and premature 
screen out. Therefore, it is not the best layout of the 
perforation cluster design.

To further overcome the weakness of the existing perfo-
ration cluster layout, we present a new perforation cluster 
layout design, Fig. 74. Figure 8 shows the orientation 
of the new perforation cluster layout in a subsurface 

geologic setting. For this new perforation cluster layout 
design, the two perforation tunnels (#1 and #2) in the 
middle of the perforation clusters, have larger perforation 
diameters. Also, they are close to each other and have a 
phase angle difference of 180°. As noted in Fig. 8, they 
should be aligned in the optimum perforation direction 
based on the calculation for a well trajectory and in situ 
stress state. To do this, the required breakdown pressure 
for fracture initiation can be lowered to some extent.

The new perforation design working together with the 
oriented perforation calculation clearly has the following 
features and advantages:

MD (ft) Azimuth 
(degree)

Deviation 
(degree)

Casing  
ID (in)

Casing 
OD (in)

Cement 
ID (in)

Cement 
OD (in)

Borehole 
ID (in)

Casing  
YM (psi)

Casing 
PR

Cement 
YM (psi)

Cement 
PR

Rock  
YM (psi) Rock PR

10,000 0 90 4.09 4.5 4.5 5.875 5.875 29,000,000 0.2 250,000 0.2 3,000,000 0.22

10,500 10 90 4.09 4.5 4.5 5.875 5.875 29,000,000 0.2 250,000 0.2 3,000,000 0.22

11,000 20 90 4.09 4.5 4.5 5.875 5.875 29,000,000 0.2 250,000 0.2 3,000,000 0.22

11,500 30 90 4.09 4.5 4.5 5.875 5.875 29,000,000 0.2 250,000 0.2 3,000,000 0.22

12,000 40 90 4.09 4.5 4.5 5.875 5.875 29,000,000 0.2 250,000 0.2 3,000,000 0.22

12,500 50 90 4.09 4.5 4.5 5.875 5.875 29,000,000 0.2 250,000 0.2 3,000,000 0.22

13,000 60 90 4.09 4.5 4.5 5.875 5.875 29,000,000 0.2 250,000 0.2 3,000,000 0.22

13,500 70 90 4.09 4.5 4.5 5.875 5.875 29,000,000 0.2 250,000 0.2 3,000,000 0.22

14,000 80 90 4.09 4.5 4.5 5.875 5.875 29,000,000 0.2 250,000 0.2 3,000,000 0.22

14,500 90 90 4.09 4.5 4.5 5.875 5.875 29,000,000 0.2 250,000 0.2 3,000,000 0.22

15,000 100 90 4.09 4.5 4.5 5.875 5.875 29,000,000 0.2 250,000 0.2 3,000,000 0.22

Table 3  The well trajectory, ID, and OD of the casing, cement, and mechanical properties for case 2.

MD (ft) Azimuth 
(degree)

Deviation 
(degree) Sv (psi) Shmin (psi) Shmax (psi) Shmax Azi 

(degree) PP (psi) Pw_min 
(psi)

Phase 
Angle_1

Perf_Azi_1 
(degree)

Phase_Angle_2 
(degree)

Perf_Azi_2 
(degree)

10,000 0 90 10,500 2,691.54 3,701.92 0 5,000 7,210.1 90 90 270 270

10,500 10 90 10,500 2,691.54 3,701.92 0 5,000 7137 90 100 270 280

11,000 20 90 10,500 2,691.54 3,701.92 0 5,000 6,926.5 90 110 270 290

11,500 30 90 10,500 2,691.54 3,701.92 0 5,000 6,604 90 120 270 300

12,000 40 90 10,500 2,691.54 3,701.92 0 5,000 6,208.4 90 130 270 310

12,500 50 90 10,500 2,691.54 3,701.92 0 5,000 5,787.4 90 140 270 320

13,000 60 90 10,500 2,691.54 3,701.92 0 5,000 5,391.8 90 150 270 330

13,500 70 90 10,500 2,691.54 3,701.92 0 5,000 5,069.2 90 160 270 340

14,000 80 90 10,500 2,691.54 3,701.92 0 5,000 4,858.8 90 170 270 350

14,500 90 90 10,500 2,691.54 3,701.92 0 5,000 4,785.6 90 180 270 0

15,000 100 90 10,500 2,691.54 3,701.92 0 5,000 4,858.8 90 190 270 10

Table 4  The predicted phase angle and perforation azimuth for the minimum breakdown pressure for case 2.
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•	 The perforation cluster uses a nonuniform perfora-
tion diameter.

•	 The two perforation tunnels aligning in the optimum 
perforation direction have a relative larger perforation 
diameter; the rest of the perforation tunnels use a 
relative smaller diameter. The advantages of this 
design can ensure injection fluids flow into the per-
foration tunnels aligning in the optimum perforation 

direction as much as possible, which can boost the 
success rate of any breakdown issue. 

•	 The two perforation tunnels aligning in the optimum 
perforation direction are next and closest to each 
other along the wellbore direction. Compared to 
the conventional design, these can alleviate the near 
wellbore fracture tortuosity issue, and minimize flow 
restriction and friction pressure loss during hydraulic 

Fig. 7  The new perforation cluster layout design with a nonuniform perforation diameter — the #1 and #2 perforation tunnels have a larger diameter.

Fig. 6  The conventional perforation cluster layout design.
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fracturing. Otherwise, multiple and reoriented non-
planar fractures originated from the wellbore perfo-
ration cluster likely lead to a premature screen out 
and negatively impact the fluid injection potential to 
achieve a desired stimulation performance. 

•	 Combing the new perforation cluster layout design, 
and with the optimum perforation direction being 
calculated together, this can reduce the number of 
perforation tunnels required for each perforation 
cluster, unlike the currently used cluster in a hydraulic 
fracturing treatment. To generate the desired per-
foration cluster layout design, we have to adjust the 
shaped charge layout in the perforating gun. 

The two central charges in the more explosive region 
are larger than the remaining charges on either side of 
the central charges. This is to create a perforation pattern 
in the wellbore whose central perforations have a larger 
diameter than the remaining perforations on either side 
of the central perforations. 

Conclusions
Hydraulic fracture initiation can be a challenging issue for 
fracturing deep and tight gas reservoirs, which generally 
requires a high breakdown pressure for fracture initiation. 
Oriented perforation represents another approach to 
improve the breakdown issue, which cannot only lower 
the breakdown pressure to some extent, but also deliver 
a better oriented fracture geometry. 

In this article, we first present an approach to calculate 
the optimum perforation direction. The method introduc-
es a series of coordinate systems to transform the stresses 

for calculating breakdown pressure as well as for oriented 
perforation. Once the minimum breakdown pressure is 
determined, the corresponding perforation phase angle 
can be identified. Then, the perforation points in the 
wellbore coordinate system can be identified. Following 
that, the corresponding perforation azimuth and per-
foration dip angle with respect to the translated global 
coordinate system can be calculated, which represents 
the optimum perforation direction. Once the optimum 
perforation direction for a perforation cluster is deter-
mined, the next task is to ensure two perforation tunnels 
from a perforation cluster are aligning in the optimum 
perforation direction in the subsurface. 

To further improve the breakdown issue, we also pres-
ent a new perforation cluster layout design in this arti-
cle. For this layout design, the two perforation tunnels 
in the middle of the perforation clusters have a larger 
perforation diameter. The two perforation tunnels are 
close to each other and have a phase angle difference 
of 180°. In a subsurface setting, they will be aligned in 
the optimum perforation direction based on the calcu-
lation for a particular geologic setting. All these will 
work resonantly together and improve the breakdown 
issue. Consequently, it can alleviate the near wellbore 
fracture tortuosity issue, minimize flow restriction, and 
pressure friction loss for hydraulic fracturing treatment. 
Otherwise, multiple and reoriented nonplanar fractures 
originated from the wellbore perforation cluster will likely 
lead to a premature screen out and negatively impact the 
fluid injection potential to achieve a desired stimulation 
performance. 
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Fig. 8  The orientation of the new perforation cluster layout design in a subsurface geologic setting. 
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